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Abstract. We consider amalgamated free product IIi factors M = M\ *b M2 *b ■■■ and use 
"deformation/rigidity" and "intertwining" techniques to prove that any relatively rigid von 
Neumann subalgebra Q <Z M can be unitary conjugated into one of the M^'s. We apply this 
to the case Mi are w-rigid IIi factors, with B equal to either C, to a Cartan subalgebra A in 
Mi, or to a regular hyperfinite IIi subfactor R in M^, to obtain the following type of unique 
decomposition results, a la Bass-Serre: If M = (A^i *c ^2 *c •••)*! fo'^ some t > Q and some other 
similar inclusions of algebras C C Nj then, after a permutation of indices, {B C Mi) is inner 
conjugate to (C C A^i)*, Vi. Taking B = C and Mi = {L{Z'^ x F2))*' , with {ti}i>i = 5 a given 
countable subgroup of R^, we obtain continuously many non stably isomorphic factors M with 
fundamental group ^{M) equal to S. For B = A, we obtain a new class of factors M with 
unique Cartan subalgebra decomposition, with a large subclass satisfying ^ [M) = {1} and 
Out(M) abelian and calculable. Taking B = R, we get examples of factors with i^(M) = {!}, 
Out(M) = K, for any given separable compact abelian group K. 
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0. Introduction. 

We prove in this paper a series of rigidity results for amalgamated free product (hereafter 
abbreviated AFP) IIi factors M — Mi *b M2 which can be viewed as von Neumann algebra 
versions of the "subgroup theorems" and "isomorphism theorems" for AFP groups in Bass- 
Serre theory. Our main "subalgebra theorem" shows that, under rather general conditions, 
any von Neumann subalgebra Q d M with the relative property (T) in the sense of ([P5]) 
(also called a rigid inclusion) , can be conjugated by an inner automorphism of M into either 
Ml or M2 . We derive several "isomorphism theorems" in the case the amalgamation is over 
the scalars, B = C, over a common Cartan subalgebra, B = A, or over a regular hyperfinite 
subfactor, B = R. The typical such statement shows that if ^ : M ~ is an isomorphism 
from an AFP factor M = Mi *b M2 *b ■■■ *b onto the amplification by some t > of 
an AFP factor N = Ni *c -^2 *c ■■■ *c Nn, 1 < m, n < 00, with each M^, Nj containing a 
"large" subalgebra with the relative property (T), then m — n and 9{B C Mi) is unitarily 
conjugate to (C C ATj)*, Vz, after some permutation of indices. 

When applied to the case B = R, these results allow us to obtain the first explicit 
calculations of outer automorphism groups of IIi factors and answer in the affirmative a 
problem posed by A. Connes in 1973, on whether there exist IIi factors M with no outer 

automorphism, i.e. with Out(M) =^ Aut(M)/Int(M) = {1}. More precisely, we show 
that if a group F is the free product of two infinite property (T) groups with no non-trivial 
characters, for example F = SL{nQ, Z)*SL{ni, Z), no, ni > 3, then there exist actions of F on 
the hyperfinite IIi factor R such that the corresponding crossed product factors M = i? xi F 
have both trivial fundamental group, ^{M) = {1}, and trivial outer automorphism group, 
Out(M) = {1}. In fact, the general result shows that for any separable compact abelian 
group K there exist factors M with ^(M) = {1} and Out(M) = K. 

In turn, when applied to the case of amalgamated free products over a common Cartan 
subalgebra, our "isomorphism theorem" provides a Bass-Serre type result for orbit equiv- 
alence (OE) of actions of free product groups F = Fi * ... * F^, A = Ai * ... * A^ on the 
probability space. Thus, we show that if each F^, Aj has an infinite normal subgroup with 
the relative property (T) of Kazhdan-Margulis (for instance F^, Aj Kazhdan groups, Wi,j) 
and (cr, F), (6', A) are free, probability measure preserving (m.p.) actions with cr|ri,^|Aj 
ergodic then cr ^oe & implies m = n and a\ri ^oe ^\Aij Vz, after a permutation of 

the indices i. Note that the opposite implication holds true for arbitrary groups Fj,Aj, 
as shown by D. Gaboriau in ([G2]). In fact, we derive the component by component OE 
of actions under the weaker assumption that the group measure space factors associated 
with (cr, F), {9, A) are stably isomorphic, i.e. when cr, 9 are von Neumann equivalent (vNE). 
We use this vNE Bass-Serre rigidity and ([MS], [Gel, 2], [Ful,2], [P6,8]) to give examples 
of group measure space factors M from free ergodic m.p. actions cr of free product groups 
F = Fi * F2 * ... such that ^(M) = {1} and Out(M) = H^(c7,F), with explicit calculation 
of the abelian group H^(a, F). 

Finally, when applied to the case B — C our results become von Neumann algebra 
analogue of Kurosh's classical theorems for free products of groups, similar to N. Ozawa's 
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recent results of this type in ([02]), but covering a different class of factors than ([02]) and 
allowing amplifications. For instance, we show that if A^i,2 < z < n, Afj-,2 < j < m, are 
property (T) IIi factors in the sense of Connes- Jones (e.g. Ni, Mj group factors associated 

with Kazhdan groups, [CJ]) then Mi * M2 * ... * ~ {Ni * A^2 * ••• * N^Y implies m = n 
and 6{Mi) inner conjugate to Nj, Vz, after some permutation of indices. In fact, in its 
most general form our result only requires M^, Nj to be weakly rigid (w-rigid), i.e. to have 
diffuse, regular subalgebras with the relative property (T). Taking M — N and Mj — 
with {sj}j = S a, multiplicative subgroup of M!|_ and P a w-rigid IIi factor with trivial 
fundamental group (for instance the group factor L{G) associated with G = 7? >iSL{2, Z), cf. 
[P5]) and using a result of Dykema-Radulescu ([DyR]), we get JF{M) = S for M = *sesP^- 
This provides a completely new class of factors with arbitrary given S C as fundamental 
group than the ones in ([P6]). Indeed, the examples constructed in ([P6]) are group measure 
space factors, while the free group factors *sesP^ have no Cartan subalgebra, by results of 
Voiculescu ([V2]; see [Sh] and Remark 6.6 in this paper). 

The key technical result behind all these applications is the above mentioned "subalge- 
bra theorem" , of Bass-Serre type. We state it in details below, together with other main 
results in the paper, and also explain some of the ideas behind the proofs. An inclusion of 
finite von Neumann algebras B <Z P will be called homogeneous if there exist {yj}j C P 
with Esiyiyj) — ^ij^ ^hJ cind T^iVjE dense in P. This technical assumption is satisfied 
by all inclusions coming from (cocycle) crossed products and (generalized) group measure 
constructions, or Cartan inclusions. It is also satisfied when P is an arbitrary finite von 
Neumann algebra and B = C. Following ([P5]), a von Neumann subalgebra Q C P has 
the relative property (T) (or Q C P is a rigid inclusion) if any "deformation" of idp by 
completely positive, sub-unital, sub-tracial maps, 0n — > zdp, is uniform on the unit ball of 
Q (see also [PeP]). 

0.1. Theorem. Let [Mi.Ti), i = 1,2, be finite factors with a common von Neumann 
subalgebra B C Mj, such that ti\b = 'T2\b o-i^d such that B C Mi are homogeneous, i = 1,2. 
Let Q G M — Ml *B M2 be a diffuse von Neumann subalgebra with the relative property (T) 
such that no comer qQq of Q can be embedded into B. Then there exists a unique partition 
of 1 with projections qi,q2 in the commutant of Q in M such that Ui{Qq'j)u* C Mi, i = 1,2, 
for some unitaries u\,U2 in M. Moreover, if the normalizer of Q in M generates a factor 
N , then there exists a unique i e {1, 2} such that uQu* C Mj for some u e U{M), which 
also satisfies uNu* C Mj. 

The proof of this result takes Sections 2 through 5 of the paper. It uses "deforma- 
tion/rigidity" and "intertwining" techniques from ([P3,5,6]). Thus, we embed M — Mi *b 
M2 into the larger algebra M = M*b{B<^L(¥2)), whose aboundance of deformations is used 
to show that "rigid parts" of M have to concentrate on certain subspaces with "bounded 
word-length" . This initial information is then used as a starting point in a word-reduction 
argument to obtain a Hilbert bimodule intertwining Q into one of the Mj's. The homogene- 
ity condition is needed in order to measure the "size" of letters in Mj's. To get from this 
a unitary element conjugating Q into Mj, we prove in Section 1 a series of results on the 
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relative commutants and normalizers of subalgebras in AFP factors, using (2.1, 2.3 in [P6]). 

If we take S = C in the Theorem 0.1 and use the fact that finite von Neumann algebras 
with Haagerup property have no diffuse subalgebras with the relative property (T), then we 
get an analogue of Kurosh's isomorphism theorem for free products of groups: 

0.2. Theorem. Let {Mq,tmo)j (^o^'^'No) be finite von Neumann algebras with Haagerup's 
compact approximation property. Let Mi, 1 < z < m, and AT,-, 1 < j < n, be w-rigid IIi 
factors, where m,n > 1 are some cardinals {finite or infinite) . If 9 is an isomorphism 
of M = *^QMi onto N*, where N = *j'^QNj and t > 0, then m = n and, after some 
permutation of indices, 9 (Mi) and Nj are unitary conjugate in N*, Vz > 1. 

Ozawa's pioneering result of this type in ([02]) concerns free products of group factors 
Mi = L{Ti), Ni = L(Aj) with each Fj, Aj a product of two or more ICC groups, either word 
hyperbolic (at least one of them) or amenable, typical examples being the groups x Soo, 
not covered by 0.2 above. In turn, our typical Mj, Ni are factors from property (T) (more 
generally w-rigid) groups. 

Letting Mi = Ni,yi, and m < oo in Theorem 0.2, it follows that if ^{Mi) = {1} for some 
1 < i < m (for example if Mi = L(Z2 x F^), with oo > /c > 2, cf. [P5]), then ^(M) = {1}. 
Moreover, taking m = oo in 0.2 and using the "compression formula" for free products of 
infinitely many IIi factors (*jMi)* ~ *iM^ in ([DyR]), we can include specific numbers into 
the fundamental group. Thus we get: 

0.3. Corollary. 1°. Let m E N and let Mi, . . . , Mm be w-rigid IIi factors. Let (Mq, tmq) 
be a finite von Neuman algebra with Haagerup 's compact approximation property. If one of 

the factors Mi, m > i > 1, has trivial fundamental group then so does M = *^QMi. 

2°. If S C Mi^ is an arbitrary infinite {possibly uncountable) subgroup and P is a w-rigid 
III factor with trivial fundamental group {e.g. P = L{1? x SL{2,'L))) then the IIi factor 
*sesP^ has fundamental group equal to S. 

Since a group measure space factor M = L°°(X, //) x^r (Fi * F2) associated with a free 
ergodic m.p. action (a, Fi * F2) on a probability space {X,n) can alternatively be viewed 
as an AFP factor M = Mi*a M2, where A = L°°{X,ii), Mi = A x^,^. Fj, Theorem 0.1 
allows us to obtain Bass-Serre type vNE and OE rigidity results for actions of free products 
of groups, as follows: 

0.4. Theorem (vNE Bass-Serre rigidity). Let Fq, Aq be groups with Haagerup property 
and Fj, Aj, 1 < i < n < 00, 1 < j < to < 00, be ICC groups having normal, non virtually 
abelian subgroups with the relative property (T). Assume either Fq is infinite or n> 2. Let 
a {resp. 9) be a free ergodic m.p. action o/F = Fq * Fi * ... {resp. A = Aq * Ai * ...) on 
the probability space (Xj/i) (resp. (Y,!/)) such that aj = a\r- {resp. 9j = 9\\.) is ergodic 
Vj > 1. Denote M = L^{X, y) x^ F, iV = L^{Y, u) xg A, M, = L^{X, y) x^, F, C M, 
Nj = L°°{Y, u) >i0j Aj C the corresponding group measure space factors. If a : M c:^ N^ 
is an isomorphism, for some t > 0, then m = n and there exists a permutation tt of indices 
j >1 and unitaries Uj e A/"* such that Ad{uj){a{Mj)) — N^^^.y Ad{uj){a{L°^{X, jj,))) = 

{L°°{Y, u))\ \/j>l. In particular, ~ and 7^^. ~ n^^^, ,\/j>l. 
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In particular, taking the isomorphism a between the group measure space factors in 0.4 
to come from an orbit equivalence of the actions, one gets: 

0.5. Corollary (OE Bass-Serre rigidity). Let Fj, Aj, 0<z<n<oo, l<i<m<oo, 

a, 6 he as in 0.4. IfTZu,r — T^e a then n = m and there exists a permutation tt of the set of 
indices i > 1 such that TZ^ r — T^t a , Vz > 1. 

Like in ([P6II]), the terminology "vNE rigidity" is used here in a broad sense, in the 
same spirit the terminology "OE rigidity" is being used in orbit equivalence ergodic theory 
([Zl], [Ful], [MS], [S]). It can designate results which from an isomorphism of group measure 
space factors derives orbit equivalence of the actions involved ("vNE/OE rigidity", like 6.2 
in [P5]), or even conjugacy of the actions ( "vNE strong rigidity" , e.g. 7.1 in [P6II]). Theorem 
0.4 brings out a new type of vNE rigidity, which we have labeled "Bass-Serre" because of 
its analogy to group theory results. It is a "vNE/OE"-type result but stronger, as it derives 
not only the orbit equivalence of the "main actions" (cr, F), {9, A), but also the component 
by component orbit equivalence of their restrictions {cxi, F^), (0^, A^). 

The "vNE Bass-Serre rigidity" can be used in combination with OE rigidity results in 
orbit equivalence ergodic theory to get more insight on the group measure space factors 
involved. Thus, taking Tq = Aq = {1} and 2 < n, m < oo in 0.4, by Gaboriau's results 
in ([Gl]) it follows that the £^-Betti numbers of Fi,Aj must satisfy /3k(^i) — Pk{^i)/t, 
VI < i < n = m, and Ei/3fc(Ai) 4- (n - 1) = (Si/3A:(A,) + (n - l))/t, forcing t = 1. Also, 
if we take F = Fq * Fi * ... and cr as in 0.4 and add the conditions 0\xi{TZa^) = {1} 
and (ai,Fi) not OE to (cj„F,),Vi ^ 1, then Out(7^^) = {1} and Out(M) = B^{a,V). 
Examples of actions (cri,ri) with the associated orbit equivalence relation T^o-i.ri having 
trivial outer automorphism group are constructed in ([Ge2], [Fu2], [MS]) and we construct 
some more, using the Monod-Shalom rigidity theorem ([MS]). The group H^(cr, F) can in 
turn be calculated by using ([P8]), thus getting explicit computations of Out(M) for the 
group measure space factors M. The fact that one can choose the action (a, F) to be free 
yet have restrictions a\Yi isomorphic to specific Fj-actions, Vz, is a consequence of ([To]) but 
we include a proof for the reader's convenience (see 7.3 and A.l). 

Theorem 0.1 is in fact used to obtain another (genuine) "vNE/OE rigidity" result in 
this paper, for free ergodic m.p. actions (cr, F) with F a free product of infinite groups, 
F = Fo * Fi, and cr satisfying the relative property (T) of (5.10 in [P5]), i.e. such that 
L°°(X, ji) C L°°(X, /i) Xo- F is a rigid inclusion. We recover this way the uniqueness of the 
HT Cartan subalgebra in the group-factors L{7? xi F„) and their amplifications, one of the 
main results in ([P5]). 

Similarly, we obtain rigidity results for crossed product factors M = i?xicr(Fo*Fi) 
corresponding to actions (cr, Fq * Fi) on the hyperfinite IIi factor i?, by regarding M as an 
AFP factor M = (i? M Fq) *r {R xi Fi). In fact, in this case we can control even better the 
groups of symmetries ,^(M), Out(M), with complete calculations. To state this result, let 
/Tr denote the class of actions (cr, Fq * Fi) of free product groups Fq * Fi on the hyperfinite 
factor i?, satisfying the properties: (a). Fq is free indecomposable; (6). Fi is w-rigid (e.g. Fi 
infinite Kazhdan group); (c). R C i?>^o-Fo is a rigid inclusion; [d). a\Yi is a non-commutative 
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Bernoulli Fi-action, i.e. R can be represented in the form R = (8)geri (Afnxn(C), tr)g, n >2, 
with cr|ri acting on it by left Bernoulli shifts; (e). cr|ri is freely independent with respect to 
the normalizer A/q of (^(^o) in Out(i?). 

To show that such actions exist, we first prove that for any two countable sets of automor- 
phisms Si, S2 of R there exist 9 e Aut(-R) such that 5*1 and 6S20~^ are "freely independent" 
(see 8.2 and A.2). Combining this with results from ([Ch], [P5], [NPS], [Va]) we deduce that 
for many arithmetic groups Fq (in particular for Fq = 5'L(n, Z), Vn > 2) and any w- rigid 
group Fi, there exist actions (cr, Fo*Fi) on R in the class /T^. Using Theorem 0.1, properties 
(a) — (e) above and [P3], we get: 

0.6. Theorem. For any Fq = SL{no,1j),nQ > 2 and any w-rigid group Fi there exist 
actions a 0/ Fq * Fi on R in the class fTji. If (a, Fq * Fi) is a fT^ action and we denote 
M = R xi^ (To* Ti), then ^(M) = {1} and Out(M) = Char(Fo) x Char(Fi). 

0.7. Corollary. Given any compact abelian group K, there exist separable IIi factors 
M with ^(M) = {1} and Out(M) = K. For instance, if (a, Fq * Fi) is a fTu action 
and M = R ><\u (Fq * Fi) is the associated crossed product factor, with Fq = SL{n,'L), 
Fi = SL{m,Z) X K for some n,m>3, then ^{M) = {1} and Out(M) = K. Moreover, 
denoting M°° = M®(B(£^N)) the associated IIoo factor, we have Out(M°°) = K. 

The study of outer automorphisms of type II von Neumann factors was at the core 
of Connes decomposition theory for factors of type III and his classification of amenable 
factors, in the early 70's ([CI, 2]). Two subsequent seminal papers ([C3,4]) gave the first in- 
dications that the outer symmetry groups Out(M) and ^{M) can reflect rigidity properties 
of non-amenable factors. In particular, it was shown in ([C3]) that ^(M) and Out(M) are 
countable for group factors associated with ICC groups with the property (T). The recent 
rigidity results in ([P5,6,9]) provide explicit calculations of ^{M) for large families of group 
measure space factors M, and reduce the calculation of Out(M) to the computation of the 
commutants of the corresponding group actions. However, such commutants are difficult to 
compute, being left as an open problem even in the case of Bernoulli actions (see [P6II]). The 
calculation of Out(M) that we obtain in this paper for crossed product factors arising from 
actions of free products of w-rigid groups on the probability space and on the hyperfinite 
factor thus give the first such explicit computations. 

This work initiated while the authors were visiting the Laboratoire d'Algebres d'Operateurs 
at the Institut de Mathemathiques of the University Paris 7 during the Fall of 2004. It is 
a pleasure for us to thank the CNRS and the members of the Lab for their support and 
kind hospitality. Wc are very grateful to Damien Gaboriau for illuminating discussions and 
comments on our work and Bass-Serre theory. We thank Dima Shlyakhtenko for kindly 
pointing out to us Remark 6.6. 

1. Conjugating subalgebras in AFP factors 

1.1. AFP algebras. Let (Mi,ti), (M2,T2) be finite von Neumann algebras with a com- 
mon von Neumann subalgebra B C Mj,z = 1,2, such that Ti\b = ''"2|s- We denote by 
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(Ml *B M2, Ti*T2) the finite von Neumann algebra free product with amalgamation (AFP) 
of (Ml, n; B) and (M2, T2; B), as defined in ([VI] and pp. 384-385 of [P4]). Thus, Mi *b M2 
has a dense *-subalgebra 

(1.1.1) 5©0 sp{Mi^eB){Mi,eB)---{Mi^eB) 

n>l <j6{i,2} 

with the trace r = ti * T2 defined on reduced words by t{x) — ti{x) — T2{x) ior x & B and 
t{x) = for X = Xi^Xi^ . ..Xi^, with e Mj^ Q B, i^ e {1,2}, ii 7^ ^2, • • • ,*n-i 7^ *n- 
Thus, the vector subspaces S and sp(Mi, G B){Mi2 G B) ■ ■ ■ {Mi^ e -B) C M in the above 
sum are all mutually orthogonal with respect to the scalar product given by the trace r. 
Also, their closure in L^(M, r) gives mutually orthogonal Hilbert S-bimodules, 

L\{Mi, e B){Mi, e 5) • • • (Mi„ e b)) ~ nl < ... nl, 

summing up to L'^{M, r), where = L^{Mi) Q L^{B). 

1.2. Controlling intertwiners and relative commutants. In this sub-section we prove 
a very useful "dichotomy- type" result for subalgebras Q of AFP factors M = Mi *b M2. 
It shows that if Q sits in one of the factors, say Mi, then it can either be conjugated 
into the "core" B of the AFP algebra M, or else all its normalizer lies in Mi, and even 
all "intertwining" Hilbert Q — Mi bimodules Ti. C L'^{M) with dim(7iAf^) < 00 must be 
entirely contained in L^(Mi) ! Also, in this second alternative, any bimodule intertwining 
Q into the other factor, M2, vanishes. 

The first results of this type have been obtained in ([PI]), in the case of "plain" free 
product factors, M = Mi * M2. The next theorem provides a sharp generalization of those 
results. The proof uses the basic "intertwining criteria" (2.1 and 2.3 in [P6]), following 
arguments similar to (3.1 in [P6]). 

1.2.1. Theorem. Let (Mi,ri) and (M2,r2) be finite von Neumann algebras and B a 
common von Neumann subalgebra such that ti\b = T2\b- Let M = Mi*bM2, 7^ g G V{Mi) 
and Q C qMiq a von Neumann subalgebra. Assume no corner of Q can be embedded into B 
inside Mi, i.e. Q' fl q{Mi,B)q contains no non-zero finite projections. If ^ ^ e L'^{qM) 
satisfies C L'^{T,i^iMk) for some k G {1, 2} and some ^1, . . . ,Cn G L'^{M), then k = 1 
and ^ G L^(Mi). In particular, Q' fl qMq C Mi, the normalizer AfqMqiQ) of Q in qMq is 
contained in qMiq and if x & M satisfies Qx C a;M2 then x — 0. 

Proof. Let p denote the orthogonal projection of L'^{M) onto the Hilbert subspace Q^Mfc""^ C 
L^{M). Note that p G Q'riq{M, eM^)q and 7^ Trip) < 00, where Tr = Tr{M,eM^) denotes 
the canonical trace on (M, gm^)- To prove that k = 1 and ^ G M^ it is sufficient to show that 
P < CMfe, equivalently (1 — eAf^)p(l — CMf.) = 0. Indeed, because then Q^Mk C L'^{Mk), 
so in particular ^ G L'^{Mk) and G L'^{Mk), Vu G U{Q). But since no corner of Q 
can be embedded into B inside Mi, by (2.3 in [P6]) it follows that for any s > there 
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exists u e U{Q) such that \\Eb{u)\\2 < e. Thus, if A; = 2 then ^, e l?'[M-2) so that 
= E'mjI'J^O — EsiujC and by the Cauchy-Schwartz inequahty we have 

lieili = IKIli = WEBiuMi < \\EB{u)hm\2 < eUh- 
Since £ > is arbitrary, this shows C = 0- Thus, the only possibihty is that k = 1, i.e. 

By taking spectral projections, to show that (1 — eMfe)p(l~eMfe) = it is in fact sufficient 
to show that if / G Q' H (M, CMfe) is a projection such that ^ Tr{f) < oo and / < 1 — cmj. , 
then / = 0. To this end, we'll show that ||/||2,Tr is arbitrarily small. 

Thus, let r/o = ^iVii ■ ■ ■ iVn, ■ ■ ■ C M be an orthonormal basis of M over M^, i.e. 
EMkiViVj) = ^ijPj e 'P{Mk) and Hr/H < oo, Vz,j. If we denote fn = T,'^^-^r]ieMk'ni* then, 
as / has finite trace and / < 1 — cm^ = '^iZiVi^MkVi* j there exists n e N such that 
ll/n/ - /||2,Tr < e||/||2,Tr. Thus, if w G U{Q) then 

(1.2.1) TriUufnU*) > TrifUufnU*) 

-\Tr{fUl - f)uUu*)\ - |Tr((l - f)UuUu*)\. 

Using that /„/ is e— close to / in the norm || • \\2,Tr and that / commutes with it e Q we 
deduce: 



(1.2.2) TrUUMnU*) = TrUnfufnfu*) > (1 - 2e - ^)\\f\\lTr- 
Similarly we have: 

(1.2.3) |Tr(/^(l - f)uUun\ + |Tr((l - f)fnfufnU*)\ < 2e{l + 6)||/|||^,. 
Combining (1.2.1) — (1.2.3) we get 

(1.2.4) Tr{fnufnu*) > (l-4e-3e2)||/|||r„V«eW(Q). 
On the other hand, 

(1.2.5) Tr{fnufnU*) = Tr{Y:ijr]ieMkVi*uVjeMkVj*u*) = T,ij\\EM,,{ViUVj)\\2- 

Thus, in order to prove that ||/||2, Tr is small, it is sufficient to prove that Vryo, •••,?7n G 
M e Mfc, Ve > 0, 3u e U{Q) such that ||i?Mfc(?7iW?7i*)||2 < e, VO < i,j < n. Furthermore, 
by (1.1.1) and Kaplansky's density theorem it is enough to prove this in the case r]i are 
reduced words of the form r]i = 5iXi such that one of the following holds true: (a). Si is a 
reduced word that ends with a letter in M2 Q B and Xi is either equal to 1 or contained 
in Ml Q B; {b). k = 2, Si — 1 and Xi G Mi Q B. Since XiUX* G Mi, if we denote 
y = Xiux*^ — EB{xiUX*) G Mi B then in both cases (a) and (6) the reduced word is 
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perpendicular to Mj-. Indeed, in case (a), diyd* lies in ...(Mfc/ e B){Mk Q B){M]^> Q B)..., 
where {k, k'} = {1, 2}, and thus it has length at least 3, so 5iy5j ± Mf, by (1.1.1). In case 
(b), SiyS* e Ml S so it is perpendicular to M2 = M^. Using 5iy6* ± Mk we then get: 

EMkiViUrij*) = EMi^iViyVj*) + EMkiSiEB{xiUXj'')5j*) 

= EMk{SiEB{XiUXj*)Sj*), 

implying that 

\\EMk{ViUrij*)\\2 = \\EMk{SiEB{xiUXj*)Sj*)\\2 

< \\Si\\\\Sj\\\\EB{XiUXj*)\\2. 

But by the hypothesis and (2.3 in [P6]), for any e > we can find u e 1{{Q) such that 

\\EB{XiUXj*)\\2 < €/{\\6MM)- ° 

Note that under the conditions of the above theorem, not only the normalizer MqMqiQ) 
of Q in qMq follows contained in Mi, but also the normalizer of the von Neumann algebra 
generated by AfqUqiQ), and so on. In fact, even the unitaries u G qMq with the property 
that uQu* n qMiq is not embeddable into B follow contained in Mi. More generally, if 
Q C qMiq is a von Neumann subalgebra such that Q' fl q{Mi,B)q contains no non-zero 
finite projections, and if we denote by A^i = N{Q,Mi;B) the von Neumann subalgebra 
of qMq generated by unitaries u G qMq such that {uQu* fl Mi)' fl q{Mi,B)q contains 
no non-zero finite projections then A^i C Mi. If we then repeat this operation, taking 
N2 = N{Ni, Mi; B) be the von Neumann algebra generated by all unitaries u e qMq such 
that uNiu* n q{Mi, B)q contains no non-zero finite projections, then A^2 C Mi. We can of 
course continue this procedure inductively until it "stops", i.e. until we reach an A^^ such 
that N{Ni, Ml] B) = N^. More, formally, consider the following: 

1.2.2. Definition. If g G 'P{B) and Q C qMq we consider by (transfinite) induction the 
strictly increasing family of von Neumann algebras Q = Nq C A'^i C ... C Nj C ... C N^, 
indexed by the first i ordinals, such that: (a). For each j < i, Nj^i — N{Nj, Mi; B) and 
Nj 7^ ATj+i; (b). N(N^, Mi; B) = N^; (c). If j < i has no "predecessor" then Nj = U„<jiV„. 
We then denote N{Q,Mi;B) = and call it the weak quasi normalizer (wq-normalizer) 
of Q in qMq relative to {Mr,B). Note that in fact both the definition of N{Q,Mi;B) 
and N{Q, Mi; B) make actually sense for any finite von Neumann algebra (M, r) and von 
Neumann subalgebras B,Mi <Z M, Q G qMq, with q G P(Mi). 

This definition is analogous to the definition of wq-normalizer of a subgroup H C G used 
in ([P5,6,8]). It is easy to see that N{Q,Mi;B) is the smallest von Neumann subalgebra 
P of qMq such that {uPu* fl qMiq)' f] q{M, eB)q contains non-zero finite projections Vtt G 
{qMq) \ P. Theorem 1.1 thus implies: 

1.2.3. Corollary. With {M„Ti), q e B C M,, i = 1,2, M = Mi *b M2 as in 1.2.1, let 
Q C qMiq be a von Neumann subalgebra such that no corner of Q can be embedded into B 
inside Mi, i.e. Q'r\q{Mi, B)q contains no non- zero finite projections. Then N{Q, Mi; B) C 
Ml. 
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We will make repeated use of the following application of 1.2.1, which shows that if one 
of the algebras Mj involved in an amalgamated free product M = Mi *b M2 contains a 
regular subalgebra Q, then Q must necessarily be contained in B, modulo inner conjugacy: 

1.2.4. Corollary. Let {Mi, ti), B C Mi, i = 1, 2, be as in 1.1 and denote M = Mi *b M2. 
Let Q C qMiq be a von Neumann subalgebra, for some q e V{B) with qBq 7^ qM2q. 

Assume Q is regular in qMq. Then one can embed a corner of Q into B inside Mi, i.e. 
Q' n q{Mi, eB)q contains non-zero finite-trace projections. 

Proof. If Q' n q{Mi, eB)q contains no non-zero finite-trace projection then by Theorem 1.1 
the normalizer A/m(<5) of Q in qMq is contained in Mi. Since HuiQ)" = qMq, this implies 
qMq = qMiq, thus qM2q — qBq, a contradiction. □ 

1.3. Locating subalgebras by means of normalizers. In this and the next sub-section 
we prove that if a subalgebra of M = Mi * b M2 is normalized by "many" unitaries in Mi 
then it must necessarily be contained in Mi. This technical result will in fact not be needed 
until Section 7, where it plays a key role in the proof of the Bass-Serre type Theorem 7.4. The 
proof uses the intertwining criteria in ([P6]) and a careful asymptotic analysis of elements 
written in AFP expansion (1.1.1). We first prove the result assuming the subalgebra we 
want to "locate" is a unitary conjugate of a subalgebra of B. This assumption will be 
shown to be redundant in 1.4, in the case B — A is Cartan in M. 

1.3.1. Proposition. Let Ai,A2 be discrete groups and a : A ^ Aut(i3, r) an action of 
A = Ai * A2 on the finite von Neumann algebra (B, r). Denote M = B K = Mi *b M2, 
where Mi = B xio-i^. A^, i = 1,2. Let q G V{B), Bq C qBq a von Neumann subalgebra, 
u e U{qMq) and denote J\f — {v E U{qMiq) \ v{uqBQqu*)v* — uqBoqu*}. Assume no 
corner of H" can be embedded into B inside Mi. Then uqBoqu* C Mi. 

Proof. Assume there exists bo G qB^q, ||6o|| < 1 such that = ubou* — EMiiubou*) satisfies 
c = \\do\\2 > 0. To get a contradiction, we first show that all the unit ball of uqBqu* can 
be embedded into a set of the form 'Eg^F{B)iUg with F C A finite, {B)i denoting the unit 
ball of B. We need the following: 

1.3.2. Lemma. Let {B,t) be a finite von Neumann algebra, cr : A — > Aut(-B,r) an action, 
M = B ><\aG the corresponding crossed product finite von Neumann algebra and {ug}g C M 
the canonical unitaries. For any finite set in the unit ball of M , Sq C {M)i, and any e > 0, 
there exists F <Z A finite such that x{B)iy* Cg T,g^F{B)iUg, \/x, y G Sq. 

Proof. By Kaplansky's density theorem there exists a finite set Fq C A and elements 
{b^ G -B I X G SQ,g G Fq), such that xq — Tig^Pob^Ug satisfies ||a;o|| < 1 and — a;o||2 < £/2, 
Va; G Sq. If we put F = FqFq^ then we clearly have XQBy^ C "Eg^pBug, \/x, y G Sq. On the 
other hand, if 6 G -B satisfies < 1 and we let Xo%o = '^g^g^g then bg = E B{{xQbyQ)u*g) 
and thus < ||(a;o62/o)''^gll — 1- This implies \\xhy* — xo^olh < £ and thus xhy* Gg 
i:g^F{B)iUg. □ 
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By Lemma 1.3.2, it follows that there exists F C A finite such that uq{B)iqu* Ce/2 
T,g^FiB)iUg, where e = Denote N = M" C qMiq. 

For any f G A/" C qMiq wc then have v{ubQU*)v* Gg/2 Tjg^p{B)iUg as well. Since 
v{ubQU*)v* = vdov* + v{EMi{ubou*))v* , with vdov* ± Mi and v{EMi{ubou*))v* G Mi, 
by Pythagora it follows that vdov* Gg/2 SgeFo(-^)i%; where Fq — F \ Ai. Letting di G 
be so that \\do — di\\2 < s/2, we have thus shown: 

(L3.3). 3Fo C A \ Ai finite and di G EgeFo(5)iW5 with \\di\\ < \Fo\, \\di\\2 >c- c^/8 > 0, 
such that vdiv* Gg T,g^Fo{B)iUg , Vv G N", where s = 

Now note that by the condition satisfied by the algebra J\f" = AT, from (2.3 in [P6]) it 
follows that: 

(1.3.4) \/K C Ai finite and 5 > 0, 3v E J\f such that if ^ denotes the projection of v onto 
the Hilbert space ®h€Ai\KL'^{B)uh then \\v — ^{{2 < 5. 

At this point, we need the following: 

1.3.5. Lemma. With {B,t), (ct. A), M,{ug}g as in 1.3.2, assume A = Ai * A2. Let 

Fq C A\Ai be a finite set. There exists K = K{Fq) C Ai finite such that any ^ G L^(SxiAi) 
supported by Ai\K satisfies ^{T,g^F^^Bug)Mi ± Tjg^F^Bug. 

Proof. Note that each irreducible alternating word g E Fq has at least one letter from A2. 
Let Kq denote the set of elements in Ai that can appear as first letter in a word g in Fq 
(including the trivial letter e) and denote K = KqKq^. Then {Ai\K)Kor\Ko = 0. Now note 
that if ^ G L^(S >^ Ai) is supported by Ai\K then any element rj in ^{Hg^FBug) is supported 
on elements g E G that begin by a letter in (Ai \ K)Kq C Ai \ Kq. Moreover, this is still 
the case for elements of the form r]x for x G Mi . In turn, any g in the support of an element 
in {Tig^p^Bug) begins by a letter in Kq. Thus, the two vector spaces ^(llg^FoBug)Mi., 
CEg^FoBug) are supported on disjoint subsets of Ai * A2 and are thus perpendicular. □ 

We continue the proof of Proposition 1.3.1 by letting K = K{Fq) be given by 1.3.5, for 
the finite set Fq C A\ Ai from (1.3.3). Let S = £/|-Fo| and choose ^ G L^{B xi Ai) supported 
on Ai \ K, as given by (1.3.4). Then 

Udiv* - vdiv*\\2 < U - ^'Ibllc^ill < S\Fq\ < £, 

which together with (1.3.3) implies ^dif* G2e T,g^FoBug. But by Lemma 1.3.5 we have 
^div* _L Eg^FoBug. Thus ||^(iif*||2 < 2£. On the other hand 

Udiv*\\2 = Udih > \\di\\2 - U - ^IblMill > c - cV8 -e>2e, 

a contradiction which ends the proof of Proposition 1.3.1. □ 

1.4. A Cartan conjugacy result. We now prove that if the "core" B of an AFP algebra 

M = Ml *B M2 is maximal abelian and regular (thus Cartan) in M, then any other Cartan 
subalgebra Aq G M which is normalized by "many" unitaries in Mi is a unitary conjugate 
of B — A. Note that it strenghtens both Corollary 1.2.4 and Proposition 1.3.1, in the case 
the core B = A is abelian and Cartan in M. 
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1.4.1 Theorem. Let Ai,A2 be infinite discrete groups and u : A — > Aut(A,T) a free 
ergodic action o/ A = Ai * A2 on a diffuse abelian von Neumann algebra {A,t). Denote 

M ^ A Xi^ A = Ml *A M2, where Mi = A yi„^^^ A,, z = 1,2. Let q e ViA), Aq C qMq 
a Cartan subalgebra such that no corner of {J\fqMq{Ao) fl qMiq)" can be embedded into A 
inside Mi. Then Aq C qMiq and there exists u G lA{qMiq) such that uAqu* = Aq. 

1.4.2. Lemma. Let Ai, A2 be discrete groups and leta:A = Ai*A2 Aut(i?, r) be a trace 
preserving action on a finite von Neumann algebra {B,t). Denote M = B y\^A = Mi*bM2 
and let Mi = B Xctia^ ^1 ^ • 1 ^ ^(-S) ^.nd assume that Aq C qMq is a diffuse abelian 
von Neumann subalgebra such that no corner of Aq can be embedded into qMiq inside M. 
Then for any e > there exist F C A \ Ai finite and xi,X2 € Tig^pBug such that any 
u e NgMqiAo) satisfies 

\^UXiU*X2 — X2UXiU*\^2 < £, V'^i'l) ~ ^ ^ \\uXiU*X2\\2 < \/ + £■ 

Proof. By the assumption on ^0 it follows from (2.3 in [P06]) that there exists ai e U{Ao) 
such that ||£'Mi(ai)||2 < Thus, we can find Fi C A\ Ai finite and xi e T^gt^p^Bug such 
that ||ai — a;i||2 < £/4. Repeating the above argument we can now find 02 € U{Aq), a finite 
set F with Fi C F C A \ Ai and X2 G T^g^pBug such that \\a2 — X2\\2 < £/(4||a^i||)- Using 
these inequalities we get for u e J^qMqiAo) (in fact for all tt e M with \\u\\ < 1): 

||tta;itt*a;2 — uaiu*a2\\2 < \\uxiu*{x2 — 0'2)\\2 + \\u{xi — ai)u*a2\\2 

< ||xi||||x2 - a2||2 + \\xi - ai\\2 < ||xi||£/(4||xi||) + £/4 = £/2yu e (M)i. 

Similarly, it follows that \\x2ux1u* — a2waiu*||2 < e/2, Vtt G {M)i. Finally, if w G A/'gMq(^o) 
then uaiu*a2 — a2uaiu* (because ^0 is abelian) and ||'uai'U*a2||2 = \/ t{q), and thus by 
combining this with the above inequalities we get the desired estimates. □ 

1.4.3. Lemma. With the same notations and assumptions as in 1.4.2, let F G A \ Ai 

be a finite set and let xi,X2 G Tig^pBug. Then \/e > 0, = K{F,e) C Ai finite and 
S = S{F,e) > such that if u G (Mi)i satisfies \\Eb{uu*)\\2 < S,yg & K, then it must also 

satisfy uxiU*X2 J-e X2UX1U* . 

Proof. Since F C A \ Ai is finite, by the free decomposition A = Ai * A2 one readily 
deduces that there exists K — C Ai finite such that (Ai \ i^)F(Ai \ K)F has empty 
intersection with F(Ai \ i^)F(Ai \ K). Next, let u G (Mi)i and set u' — 'Eg^KEB{uUg*)ug 
and u" = u — u' . Then u" is supported on Ai \ K and we have the decomposition 

UXlU X2 = U XiU X2+U XiU X2 + UXlU X2 — U XiU X2- 

Denote X12 — u"xiu"*X2 ■ Then, X12 is supported on (Ai \ K)F{Ai \ K)F and we have 
the following estimate: 

\\uxiu*X2 - Xi2\\2 < (2||w|| + ||w'||)||a;i||||a;2||||'u'||2 
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< (2+ |i^|)||a;i||||x2||||w'||2 

Similarly, if we denote X21 = X2u"xiu"* , then 0:21 is supported on F(Ai \ i^)F(Ai \ K) 

and \\x2ux1u'' — X2i\\2 < (2 + ||a^2|| ll'fi'lb- 

Next, we show that K and 5 = £(12|K|(||xi||||a;2|| + satisfy the conclusion. To 

this end, let u e (Mi)i be such that ||£'b(u'U*)||2 < S,yg e K. Then 

Wu'h = (Egex||SB(«V)||i)'/' < e|K|-'(12(||a;i||||a;2|| + l))"^/', 

hence \\uxiu*X2 — Xi2\\2 < £(i|a:^i||||a;2|| + and \\x2ux1u* — X2i\\2 < ^(l|2^i||(l|2^2|| + 

l)~^/4. Also, we have: 

||a;i2||2 < ||a;i2 - UXiU*X2\\2 + \\UXIU*X2\\2 

< e(||a;i||||a;2|| + 1)~V4+ Iki|||k2|| < Iki|||k2|| + 1- 

But by the way we have chosen K, X12 and a;2i have disjoint supports, hence X12 -L X2i- 
Thus 

I {uXiU*X2, X2UX1U*) I 
< I {UXIU*X2 - X12, X2UX1U*) I + I (Xi2, X2UX1U* - X21) I 
< \\uXiU*X2 — Xi2\\2\\x2UXiU*\\2 + ||a;i2 1| 2 ||iC2Wa^itt* - a;2l||2 
< £(||X1||||X2|| + l)-ixi||||x2||/4+ (||X1||||X2|| + 1) (£( || ||X2 || + / ^) < S- 

□ 

1.4.4. Proposition. With the same notations and assumptions as in 1.4.2 and 1.4.3, let 

q e V{B) and let Aq C qMq be a diffuse abelian von Neumann suhalgehra. Assume no 
corner of (A/"gMg(^o) H qMiq)" C qMq can he embedded into B inside Mi. Then a corner 
of Aq can be embedded into qMiq inside qMq. 

Proof. Assume that no corner of Aq embeds into Mi. Apply first 1.4.2 for e = r(g)^/^/4 
to deduce that there exists F C A \ Ai finite and xi,X2 G M supported on F such that if 
u e AfqMq{Ao) then \\uxiu*X2 - X2UXiu*\\2 < r(g)^/^/4 and 3T(g)^/^/4 < ||'UXiu*X2||2 < 
5T(g)^/^/4. It then follows that \{uxiu*X2, X2UXiu*) \ > r{q)/A,\/u e NqMq{A). 

By Lemma 1.4.3, there exist K C Ai finite and 5 > such that if m e (Mi)i satisfies 
||i?B(w'U*) II2 <: S,Wg E K, then uxiU*X2 ^-r{q)/4, X2UX1U*. But this implies that we cannot 
find -u G A/" = AfqMqiAo) n qMiq such that \\EBiuu*g)\\2 < S,\/g E K. By (2.3 in [P6]) this 
contradicts the fact that no corner of A/"" embeds into B inside Mi. □ 

The next result provides a useful "transitivity" property for the subordination relation 
considered in Corollary 1.2.4: 
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1.4.5. Lemma. Let M be a finite von Neumann algebra, Bq,Mi C M von Neumann 
subalgebras of M and Q C Mi a von Neumann subalgebras of Mi. Assume there exist 
projections go ^ Bq, qi G Mi, a unital isomorphism of qoBoqo into qiMiqi and a partial 
isometry v E M such that v*v G {qoBoqoY H qoMqo, vv* G ifj^qoBoqa)' fl qiMqi and vb = 
'il^{b)v,Wb G qoBoqo. Denote by q' the support projection of Emi{vv*) G '0(go-Sogo)'ngiMigi 
and Bi = ?/'(go-Bo<?o)<?'- If « comer of Bi = ?/;(go-BoQ'o)?' can be embedded into Q inside Mi, 
then a corner of Bq can be embedded into Q inside M. 

Proof. Indeed, if pi G V{Bi), vi G Mipi is a non-zero partial isometry and V'l : PiBipi Q 
a (not necessarily unital) isomorphism such that vib = i(^i{b)vi, V6 G piBipi, then viv 7^ 
and vivfe = V6 G go-Bogo- D 

Proof of Theorem 1.4.1- By Proposition 1.4.4 and (2.1 in [P6]), there exist projections 
go G Ao C gMg, gi G gMig, a unital isomorphism of Aogo into giMigi and a partial isometry 
f G M such that v*v — qo^vv* G 'i/'(^o9o)' H giMgi and fa = ip{a)v,^a G Aogo- Let q' be 
the support projection of Em^^vv*) and note that if we denote Ai — '^(Aogo) C giMigi 
then q' G A'^ fl giMigi. By replacing if necessary 7/; by q'ip{-)q' and shrinking go G ^0 
accordingly, we may assume gi = g'. 

Now, if a corner of Ai can be embedded into A inside Mi, then by Lemma 1.4.5 a 
corner of Aq can embedded into A inside M, so by (A.l in [P5]) the two Cartan subalgebras 
^0) C. qMq are unitary conjugate. If in turn no corner of Ai can be embedded into 
A inside Mi then by Theorem 1.2.1 we have vv* G A[ fl giMgi C giMigi, implying that 
vAqv* C giMigi. By spatiality, vAqv* is Cartan in giMgi, which by Corollary 1.2.4 implies 
that a corner of vAqv* can be embedded into A inside Mi. By (A.l in [P5]), this implies 
Aq and Aq are unitary conjugate in qMq. On the other hand, by Proposition 1.3.1 we have 
^0 C gMig. But then Theorem 1.2.1 applies to show that Aq., Aq are conjugate in gMig as 
well. □ 



2. Deformation of AFP factors. 

Throughout this section, (Mi,ri), (M2,r2) will be finite von Neumann algebras with 
B C Mj a common von Neumann subalgebra such that ti\b = T2\b^ cis in Section 1. 
We describe in this section several useful ways to deform the identity map on the AFP 
algebra M = Mi *b M2 by subunital, subtracial, c.p. maps which arise naturally from 
the amalgamated free product structure of M. By a deformation of idM we mean here a 
sequence (f)n of subunital, subtracial, c.p. maps on M such that lim„ ||0„(a;) — x\\2 = 0, 
Vx G M. 

2.1. Amalgamated free product of c.p. maps. We first recall the definition of 
amalgamated product of c.p. maps from ([Bo]), and establish some basic properties. 

2.1.1. Lemma. Let (j)i : Mj Mi be subunital, subtracial, c.p. maps with (f>i{b) = 4>2ib), 
Wb G B, andTO(/)i = Xt, Vz = 1,2, withO < A < 1. Then (j)i*B (p2 ■ Mi*bM2 Mi*bM2 
is a well-defined subunital, subtracial, c.p. map. Moreover, the map {4>i,4>2) ^ 4>i *b 4>2 is 
continuous with respect to the topologies given by pointwise \\ ■ \\2- convergence. 
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Proof. Since r o 0j = At, Vz = 1, 2 we have that t o (^^ >k^^ 02 ) = At, and hence by [Bo] 
extends uniquely to a c.p. map 0i *b </'2 on Mi * b M2 which follows subtracial. 

To show that this correspondence is continuous suppose that £ > and xi, . . . ,Xn G 
Mi*B M2. As Ml M2 is dense in Mi *b M2 let x^, . . . , G Mi M2 such that 
\\xj — '^'j\\2 < £^/3, Vj < n. Hence 3m, / G N, C M^ finite, such that each x\ is the sum 
of at most m products of lenght at most / from Fx U F2. Let = \nsk:^^^p^\jp^ then if 
Mi are subunital, subtracial, c.p. maps with ||0^(a;)— (/)i(a;)||2 < e/^nlN\ \/x G Fj, 
z = 1, 2, then repeated use of the triangle inequality together with the fact that subunital 
c.p. maps are contractions in the uniform norm show that ||0i *B<?5'2(^i) *B^^2(a;i)||2 < 
Mi <n. □ 

2.1.2. Remark. In general, the free product of two subunital subtracial c.p. maps need 
not be subtracial. In fact, given any c.p. map 4>i which is unital, subtracial, but not tracial, 
the c.p. map (j) = 4>i * id is not subtracial. Even more so, the Radon-Nykodim derivative 
dr o (j)/dr of any such free product c.p. map (/> is unbounded. To see this, let x G Mi such 
that t{x) = 0, but t o (f)i{x) ^ 0, let v G M2 be a partial isometry with t{v) = and set 
p = vv*. Then we have: 



We note that in [Bo] it was assumed that a free product of subtracial c.p. maps is 
subtracial in order to show that the Haagerup property is preserved by free products. But 
although the above argument shows that this fact doesn't hold true unless the c.p. maps 
are actually tracial, the result on the Haagerup property is still valid, since by (Proposition 
2.2. in [Jol]) one can take the c.p. maps given by the Haagerup property to be unital and 
tracial. 

2.2. Deformation by automorphisms. Suppose G Aut(Mj,TMi) such that ai{b) = 
0:2(6), V6 G B. Then since automorphisms are unital c.p. maps we have that cc = cci *b ci2 
is a unital, tracial, c.p. map, moreover a restricted to the dense subalgebra Mi M2 is 
an automorphism and so by continuity we have that a is an automorphism. 

Hence if aj G Aut (Mj), t G M is a one parameter group of automorphisms of Mj which is 
pointwise || ■ ||2-continuous and satisfies a^^ — idB, for i = 1,2, then a* gives a deformation 
of the identity of M by automorphisms. In particular, we have: 

2.2.1. Lemma. Let Vi G U{B' fl Mi), i — 1,2. Then there is a pointwise \\ ■ \\2- continuous 
one parameter group of automorphisms {a*}teK. Aut(M) such thatai = Ad(fi)*BAd(f2). 



T O (f){{vXV*)* (VXV*)) 




Thus, if we choose v such that t{p) — > then 



T o (f)((vxv*)* (vxv*)) /t{{vxv*)* (vxv*)) 



00. 



16 



A. lOANA, J. PETERSON AND S. POPA 



Proof. Let hj — h* e B' HMj be such that ex.p{nihj) = Vj and define a*- = Ad{exp{ntihj)), 
t e M, j = 1, 2, and the above observation apphes. □ 

For the next lemma we denote M = M *b (S®L(F2)). Note that if we let L(F2) = 
L{Z * Z) = L(Z) * L(Z) and denote Mj = Mj *b (50L(Z)), i = 1,2, then M = Mi*b M2. 
Also, if til e L(Z * 1) c I'(F2), tt2 e L(l * Z) C L(F2) are the canonical generating 
unitaries then Ui E B' (1 Mi, i — 1,2. We will use the algebra M as framework for the main 
deformation of M, 2.2.2 below. The action of M on the (l.l.l)-decomposition of the AFP 
algebra M = Mi * b M2 can be viewed as the analogue of the action of an amalgamated free 
product group Ai *h A2 on the Bass-Serre tree with vertices Ai/H U A2/H. 

In turn, the "graded deformation" below is inspired by the graded deformations of crossed 
product algebras involving Bernoulli actions in ([P3], [P6]). 

2.2.2. Lemma. There exists a pointwise \\ ■ \\2- continuous one parameter group of auto- 
morphisms {9t}teM osnd a period 2 automorphism P of M such that: 

(a) . 00 = id, 9i = Ad(wi) *b Ad{u2). 

(b) . (39t(3 = e-t,^t e M. 

(c) . M C Mf^. 

Proof. Let Aj be the von Neumann subalgebra generated by Uj, and let hj G Aj be self- 
adjoint elements with spectrum in [— 7r,7r] such that Uj = exp{nihj). Set = exp{Tvithj), 

j = 1,2, t e M. Then Ot = Ad{u\) *b Ad(u|) G Aut(M), \/t e M, defines a pointwise 
II ■ ||2-continuous one parameter group of automorphisms which satisfies (a). 

Let P be the unique automorphism of M satisfying = '^'^m and P{uj) = u*pj = 1, 2. 
Then (3 is clearly a period 2 automorphism and it satisfies (c) by definition. Also, for 
X E M = Ml * B M2 we have 

pOtPix) = P0t{x) = /3{Ad{exp{mthi)) * Ad{exp{nith2)))ix) 
= (Ad(exp(-7rit/ti)) * Ad(exp(-7rit/t2)))(a;) = 9-t{x),yx e M. 
Similarly, for tt 1,1x2 we have 

petPiuj) = pet{u*) = p{u*) = Uj = e_t{uj). 

Since ui, U2, and M generate M as a von Neumann algebra it follows that pOtP — 9-t,'it. 
□ 

2.3. Deformation by free products of multiples of the identity. Recall that if 
= L^(Mi) L'^{B) then we may decompose L^(Mi *b M2) in the usual way as 

l2(Mi *s M2) = L'iB) ® Hi ®B nl ®B • • • nl. 

n>l ije{i,2} 
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For each L e N we let El be the projection onto the subspace 

n>L ij6{l,2} 

Let {cn}n C [0, 1) such that Cn y 1, then by Lemma 1.1.1 we have: 

2.3.1. Lemma. 0^ = (cnid) *b (cnid) gives a deformation of the identity of M. Moreover, 
commutes with El as operators on L^{M) and ||0^ o £'/^(x)||2 < c^||a;||2, Vn, L e N, 

X e M. 

Proof. Trivial by the definitions. 

2.4. Deformation by subalgebras. For each i e {1,2} let C Mi be an increasing 
sequence of von Neumann subalgebras such that B C Nl, and Uj>iN- = Mi. Let Ej : 
Mi — > Mi be the conditional expectation onto Nf . Then E^ = El *b -£'2 gives a sequence 
of conditional expectations of M onto N( *b A^|, which by 2.1.1 converges to the identity 
pointwise, i.e. Uj>iN( *b iV| = M. 

A particular case of such a deformation, which works whenever B' fl Mi is diffuse, is given 
by iV/' = pfMipi © B{1 - p{), with pi e V{B' n Mi) satisfying p{ / Im^, « = 1, 2. Indeed, 
this clearly implies U~^{j){Mip{ © B{1 - p{)) *b {piM2pi © B{1 - p^)) = M. 

3. Deformation/rigidity arguments. 

In this section we investigate the effect that the deformations considered in Section 2 
have on the relatively rigid subalgebras of Mi * b M2 . To this end, first recall from (Sec. 
4 in [P5]) that if Q C M is a von Neumann subalgebra of the finite von Neumann algebra 
(M, r), then Q C M is called a rigid inclusion (or Q is a relatively rigid subalgebra of M) if 
any deformation of idM by subunital subtracial c.p. maps {(/)n}n tends uniformly to idq on 
the unit ball of Q, i.e. lim„ sup{|| (/)„(?/) — y\\2 | 2/ G Q, \\y\\ < 1} = 0. This property doesn't 
in fact depend on the choice of the trace r on M and can be given several other equivalent 
characterizations (see [P5], [PeP]). The following provides yet another characterization of 
relative rigidity, by showing that it is enough to consider deformations by unital tracial c.p. 
maps: 

3.1. Theorem. Let N be a finite von Neumann algebra with countable decomposable center. 
Let Q be a von Neumann subalgebra, then the following are equivalent: 

(i) . The inclusion Q G N is rigid. 

(ii) . There exists a normal faithful tracial state r on N such that: We > 0, 3F = F{e) C N 
finite and d — d{e) > such that if (f) : N —>■ N is a normal, c.p. map with r o (f) — t, 
(/)(1) = 1, and \\(f){x) - x\\2 < 5, e F, then \\(f){b) - b\\2 <e,\lhe Q, \\h\\ < 1. 

{iii). Condition (ii) is satisfied for any normal faithful tracial state r on N . 
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Proof, (i) =^ (Hi) and (Hi) =^ (ii) are both trivial and so it is enough to show 
(ii) (i). That is, assuming (ii) holds we must show that the following condition holds: 

(3.1.1) Ve > 0, 3F' = F'{e) C N finite and 5' = 5'{e) > such that if cf) : N ^ N 
is a normal, c.p. map with r o cf) < t, (f)(1) < 1, and \\(f>{x) — x\\2 < S' , \/x G F', then 

\\m-H2<e, WbeQ, \\b\\<l. 

By (Lemma 3 in [PeP]) we may also assume that in the above condition (p is symmetric, 
i.e. T{(f){x)y) — T{x(j){y)), ^x^y G N. Let F — F{e/2), and 5 = 5{e/2) be given from [ii). 
Let F' = FVJ {1}, and 5' = imna;eF{S/2, 5/{8\\xf + 1), e^/8}, suppose that (f) : N ^ N is a 
normal, symmetric c.p. map with t o cf) < t, (f)(1) < 1, and \\(f){x) — x\\2 < S', \/x e F' . Let 
a = (f)(1) = dr o (f)/dT and define 0' by (f)'(x) = 0(x) + (1 — a)^/^x(l — a)^/^. Then (f)' is a 
normal, c.p. map with (p'(l) = 1. Moreover, as (p is symmetric, so is (f>' and hence ro0' = r. 

Also, it follows that for each a; e F we have 

\\cf>'(x) - xh < m^) - xh + 11(1 - a)'/'x(l - a)'/% 

< \\(f)(x) - xh + 11(1 - a)x(l - a)\\l/^\\x\\^/^ 
< \\(l)(x) - x\\2 + ||1 - alblkll < 
Hence, by (ii) we have \\(f)'(b) - b\\2 < e/2, V6 G Q, \\b\\ < 1. Thus 

110(6) - b\\2 < 110' (6) - b\\2 + 11(1 - a)'/\(l - a)'/% 

< ||0'(6)-6||2 + ||l-a||2 <£, 
for all 6 e g with ||6|| < 1. □ 

3.2. Corollary. Let (Mi,ti) and (M2,T2) be finite von Neumann algebras and Q C Mi a 
von Neumann subalgebra such that the inclusion Q C Mi * M2 is rigid. Then the inclusion 
Q C Ml is rigid. 

Proof. Let £ > be given. Since Q C Mi * M2 is rigid we can find F — F(s) C M finite and 
S = 5(e) > to satisfy condition (ii) of Theorem 3.1. By Lemma 2.1.1 there exists F' C Mi 
finite, and d' > such that if (f) : Mi — > Mi is a normal unital, tracial c.p. map such that 
\\(f>(x) — x\\2 < 5' , \/x e F' then ||0 * idM2(x) ~ ^Ih < 5, Va; e F. Hence by our choice of F 
and 6 we have that \\(t)(b) - b\\2 = ||</> * idM2(b) - b\\2 < e, V6 e Q, ||6|| < 1. Thus, by 3.1 
Q C Ml follows a rigid inclusion. □ 
We'll now use the deformation 2.2.2 to exploit the relative rigidity of subalgebras Q C 
Ml *B M2 C Ml *B M2. This "deformation/rigidity" argument is inspired from (4.3-4.8 in 
[P3] and Sec. 4 in [P6I]) 

3.3. Proposition. Let (Mi, ti), (M2, r2) be finite von Neumann algebras with a common 
von Neumann subalgebra B C Mj, i = 1,2, such that Ti\b — T2\b- Denote M = Mi *b M2, 
Mi = Mi *B (B®L(Z)), i = 1,2, and M = Mi *b M2 = M *b (B^L(¥2)), as in 2.2.2. 
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Denote 9 = Ad(wi) * Ad{u2) G Aut(M), where ui,U2 G L{¥2) are the canonical generators 
of L{¥2), as in 2.2.2. Let Q <Z M he a von Neumann subalgebra such that Q <Z M is a rigid 
inclusion and assume no corner of Q can he embedded into B inside M, i.e. Q' fl {M,B) 
contains no non-zero finite projections. Then there exists a non-zero partial isometry v & M 
such that vy — 9{y)v,\/y e Q. 

Proof. Since Q C M is rigid, there exist F C M finite and 5 > such that if : M ^ M is a 
subunital, subtracial, c.p. map with \\(p{x) — x\\2 < 5, Vx G F, then ||(?!>(t(.) — ^112 ^ 1/2, Vw G 
U{Q). Using the continuity of t i-^ ^t, wecanfindn > 1 such that 116*1/2" (2;)— ^ S,Wx G F, 
which entails \\0i/2^{u) — u\\ < 1/2, Vu G U{Q). 

Now, let a be the unique element of minimal norm-|| • II2 va. K = cff" {9 1/2^ {u)u* \ 
u G U{Q)}. From ||^i/2"('u)'U* - 1||2 < 1/2, Vti G we get that \\a - 1||2 < 1/2, so 

o 7^ 0. Since 9ii2r<.{u)Ku* = K and ||6'i/2" II2 = HalbiV-u G U{Q) we deduce, using 
the uniqueness of a, that au — 9i/2n{u)a,\/u G U{Q) . Using standard arguments we can 
replace a by the partial isometry in its polar decomposition, thus getting a non-zero partial 
isometry v E M such that vu = 9i/2n{u)v,yu G U{Q). 

In what follows we show by induction that for any A; > there exist a non-zero partial 
isometry G M such that 

(3.3.1) VkU = 9ii2n-k {u)vk,^u G 1{{Q), 

which for k = n gives the conclusion. Since we have already constructed vq we only need 
to construct Wfc+i, given v^- Note first that if satisfies (3.3.1) then Vk*Vk E Q' H M and 
VkVk* G 6'i/2™-fe(Q)'nM. 

By applying the automorphism (3 to the equality (3.3.1) and using the properties of (3 we 
get: 

(3.3.2) P{vk)u = (3ivk)f3iu) = P{9^/2--. iu))P{vk) 

= 9_^/2^-.{f3{u))/3{vk) = 9_,/2^-.{u)l3{vk),^u G W(Q). 
By replacing u by u* and taking conjugates in (3.3.2), we obtain 

uPivk*) = /3(^;fe*)^_i/2n-.(«), V« G U{Q), 
which combined with (3.1.1) gives 

(3.3.3) Vk(3{vk*)9_i/2^-k{u) =Vku(3{vk*) 

= 9i/2r^-k{u)vkP{vk*),yu G U{Q). 

By applying 9i/2n-k to (3.3.3), we further get for u G U{Q) the identity 

(3.3.4) 6'i/2«-fc {vkP{vk*))u = 6'i/2«-fc-i {u)9ii2n-k {vkP{vk*))- 

Since no corner of Q can be embedded into B inside M we can apply Theorem 1.1 
to conclude that Q' D M C M. Thus, since Vk*Vk G Q' n M and M C M^, we get 
Pivk*Vk) = Vk*Vk, implying that Vk(3{vk*) is a partial isometry of same left support as 
Vk- Thus, by (3.3.4), w = 9i/2n-k{vkP{v'^)) is a non-zero partial isometry satisfying wu = 
9i/2n-k-i{u)w,yu G U{Q), and the inductive step follows. □ 
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3.4. Proposition. As in 2.3, denote by El the orthogonal projection of L'^{M) onto the 
Hilbert space spanned by reduced words of length > L. If Q C Mi *b M2 is a rigid inclusion, 
then for any £ > 0, there exists L e N such that \\El{x)\\2 < £, Va; G Q, \\x\\ < 1. 

Proof. Let : M — > M be as in 2.3.1, for some Cn / 1, then by 2.1 we have hm„ ||0n(a^) — 
x||2 = 0, Vx G M. Thus, since Q C M is rigid, there exists I G N such that — a;||2 < 

e/2, Vx G Q, ||a;|| < 1. Let L G N such that cf < e/2. Then 

\\El{x)\\2 < \\El{x - M^m2 + Ui o EL{x)h 
< \\x — 0«(^)ll2 + cf ||a;||2 < £, G Q, \\x\\ < 1. 

□ 

4. Existence of intertwining bimodules. 

In the previous section we saw that a relatively rigid subalgebra Q of a finite AFP von 
Neumann algebra M = Mi *b M2 can be "located" by certain c.p. deformations of idM- 
In this section we will use this information to prove that LF'{M) must contain non-trivial 
Hilbert bimodules intertwining Q into either Mi or M2. The rather long and technical 
proof will proceed by contradiction, assuming Q cannot be intertwined in neither Mi nor 
M2, inside M. We first show that this implies Q cannot be intertwined into Mi,M2 in 
M = (Ml *B M2) *B {B®L{¥2)) either. By Proposition 3.4 and (2.3 in [P6]), this shows 
that Q must contain "at infinity" elements with uniformly bounded free length and at least 
two "very large letters" in Mi, M2 or L(F2). This will be shown to contradict Proposition 
3.3. 

To "measure" the letters in Mj we will need these algebras to have nice orthonormal basis 
over S, in the following sense: 

Definition. Let (M, r) be separable finite von Neumann algebra and B <Z M o. von 
Neumann subalgebra. A sequence of elements {?7n}n C M satisfying the conditions 770 = 
1, EB{r]*r]j) = 5ijj Wi^j and TirjnB dense in L'^{M,t) is called a bounded, homogeneous, 
orthonormal basis (BHOB) of M over B. An inclusion B C M having a BHOB is said to 
be homogeneous. 

4.2. Lemma. Let (M, r) be a separable finite von Neumann algebra and B <Z M a von 
Neumann subalgebra. Assume one of the following conditions holds true: 

(a). B = CI. 

(h). B — A G M is Cartan (i.e. B is maximal abelian and regular in M) and M is type 
III. 

(c). B = N C M is an irreducible inclusion oflli factors and B is regular in M. 

Then B d M is homogeneous, moreover in both cases (6) and {c), M has a BHOB made of 
unitary elements in Hm{B). 



AMALGAMATED FREE PRODUCTS 



21 



Proof. Case (a) is clear by the Gram-Shmidt algorithm. The case (c) is trivial once we 
notice that such A?" C M is a crossed product inclusion N C M = N >\a;vG for some cocycle 
action cr of a discrete countable group G on N, with 2-cocycle v. Indeed, in this case the 
canonical unitaries {ug}g C M implementing the action a provide a BHOB of M over N. 

To prove the case (6), we first show the that given any n > 1 and any finite set Vq = 
l,vi, ...,Vn-i e Mm{A), with EAiv*Vj) = ioT < i ^ j < n, and v'^ e gXM{A), 
with v'^*v'^ 7^ 1, there exists v e ^Am(^) non-zero such that v*v'^ = 0,v'^v* = and 
EA{v*Vj) = 0,V1 < j < n — 1. Indeed, note first that by ([Dy]) there exists u G A/m(^) 
such that v'^ = u{l — p), where p = 1 — v'^*v'^ G V{A). Since Ap C pMp is Cartan with 
pMp of type III, it follows that there exists w G MpMpiAp) such that w ^ (S"jro^pw*f jAp) 
(or else, pMp would follow finite dimensional over Ap thus of type I, implying that M has 
a type I direct summand, a contradiction). Then wi = pu*Vip G QJ\f{Ap), < i < n — 1, 
satisfy ^ w -El-^}wiEA{w*w) G GAfiA) (by [Dy]). But then v = u(w-T,1-^WiEAiw*w)) 
clearly satisfies all required conditions. 

Now, to finish the proof of (6) let {un}n>o C Mm {A) be a sequence of unitaries normal- 
izing A, dense in Mm (A) in the norm || • ||2, with uq = 1 and with each Un appearing with 
infinite multiplicity. It is sufficient to construct a sequence {vn}n>o C Mm (A) such that for 
all m > we have: 

(4.2.1) EA{v*Vj) = Vm >i,j> 0,Um G J:Zo^iA. 

Assume we have constructed vq = ...,Vn-i satisfying (4.2.1) for m = n — 1, for some 
n > 1. Let v!^ = Un - T,'l~QViEA{v*Un) G QMm{A). Let v'^ G ^A/m(^) be maximal with 
the properties: v'^{v'Jl)*v" = v'^ and v'^ ± Yj^Z^ViA. By applying the first part of the proof 
to vq^ v\, Vn-\, v'^ and using the maximality, it follows that v'^ is a unitary element. But 
then Vn = v'^ clearly satisfies (4.2.1). □ 

4.3. Theorem. Let (Mi,ri) and (M2,r2) he finite von Neum,ann algebras and B C Mi a 
common von Neumann suhalgehra such that Ti\b — 'T2\b- Suppose that the inclusions B C 
Ml and B C M2 are homogeneous. Let Q he a von Neumann suhalgehra of M = Mi * b M2 
such that the inclusion Q C M is rigid. Then for either i = 1 or i = 2 there exists a 
non-zero projection f in Q' H (M, CMj) of finite trace Tr = Tr (^M,eM)- 

Proof. By taking spectral projections, it is sufficient to show there exists i G {1,2} and 
a G Q' n (M, CMi) with < a < 1, Tr (a) < 00. Assume by contradiction that there are 
no such elements in Q' fl (M, CMi), « = 1,2. If we identify Q with the diagonal subalgebra 
{x ® X \ X E Q} in M © M, then this is equivalent to saying that Q cannot be intertwined 
into Ml © M2 inside M © M. By (2.3 in [P6]) this implies the following: 

Fact 1: \/e > 0, Vyi,... ,yn e M, 3w e U{Q) such that \\EMi{yjwyl)\\2 < £, Vi G 
{l,2},Vj,A;G{l,...n}. 

For the next part of the proof we need to introduce some notation. Thus, for each 
i G {1,2} let {^f}j C Mi he a BHOB of Mj over B. Also take {^^jj = {ugjgew^ C L(¥2) 
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such that — = 1- Then using the notation M = M *b {B ^ L{¥2)) as in Proposition 
3.3 a simple exercise shows that 

/3 = {1} U {^l • • • I ^ e ifc e {1, 2, 3},jk > 1, ^2, • • • , in-1 in} 

is BHOB of M over B. 
For each no G N let 

-Sno = {1} U • • • I n < no, Zfc e {1, 2}, \<jk< no, ii^i2,-- - , in-i in}, 

Sno = {1} U {^jl ■■■^i!^ I n < no,ifc e {1,2,3}, 1 < jk < no,ii 7^ ^2,• • • ,*n-i 7^ *n}- 

Also for i e {1, 2} let (resp. 'S'^jj*) be the subset of Sno consisting of 1 and the vectors 
in Sno s^ch that in ^ i (resp. zi ^ i). Note that if C, C' ^ 'S'^J* x E Mi such that 
= 0, then ||C'<*||2 = Iklb- Also if C e ^no and 6 e B then ||C6||2 = ||^>||2^ 
We now strengthen Fact 1 so that the elements yi, ■ ■ ■ ,yn may be taken in M: 

Fact 2: We > 0, Vyi,... , ?/„ e 3t(; e ^(Q) such that H^M; (yj*tyyA;)||2 < £, Vz e 
{l,2},Vj,A;e{l,...n}. 

As our basis for M is made up of bounded vectors by first approximating the yfc's on the 
right of w and then approximating the y/s on the left of w we may assume that all of the 
y/s are basis elements and then use the triangle inequality to deduce the general case. Also 
as is -B-bimodular it enough to suppose that the y^'s all lie in Thus we only need 
to show that Ve > 0, Vno G N, 3m; G U{Q) such that {{EMiiCwOh < £, VC, C' e Sn^- 

To prove this, we first use Fact 1 to deduce that there exists w G U{Q) such that 
\\EMAQ<o)h < VCcCo e Sn,. Then if CC e Sn, we may find Ci,C( e ~S^i^ n , 
and Co, Co ^ 'S'^o such that C = CoCi? and C' = CoCi- Qi — Q'l — ^ then from above 
we have ||Em,(C*«'C')I|2 = ||^^Mi(Co«'Co)ll2 < e- Otherwise we have \\EMi{C'^C')h < 
\\Em{CwC,')\\2 < ||Cr^B(Co«^Co)Cil|2 < ||Smi(Co«^Co)I|2 < e. This proves Fact2. 

We continue by showing that there are elements oiU{Q) ("at infinity") which are almost 
orthogonal to the subspaces having at most one "large letter" from Mi, M2. Specifically, let 

Suppose Ci,Ci e S^^,\ C2X2 ^ ^ntf, then V6i,62 G B, WK,L > uq we have that 
EBmC!'hCtnC2Cfb2Q)) = Sc[CLEBmhCinCfb2Q)), and also we have that 
EB{{C}b2Q){C^biCir)^Sc,c.EB{{C}b2){C^hr). Hence 

{Ci^^b.Ci, c^e^2C2) = r o EBiic[^^b,Cinc'2^fb2Q)) 

= 5^,^.T o EB{{^fb^Qn^ib2C2)) = Scia^c^cJij&„ ^fb^). 
Also if C G and 6 G S then {ClC^b^Cl Cb) ^ r o EBi{CbrC[C^b^C^) = 0. 
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Hence we have the following direct sum of orthogonal subspaces of T-in^ : 

Ko = ® ^i,c',c, 

CeS„o i€{i,2},c,C'eS^o^ 

where Tic = CB, and 7ii,c',C = spC'{ef^}x>no5r • 

Since = {ug}ge¥2 we may find tuq > 2no such that {^ijjKnoi^iVjKno {^i}j<mo- 

We will show that Hno C H^^^. 

Let JCq be the Hilbert space generated by all vectors of the form r]'br]* where h E B, 
V = ill ' "^i"' ^' ^ ^1 ■ ■ '^fc' ^^^^ in 7^ /Cm, ?^ + m < mo, and jp, < mo, Vp. 
If C, C e and X e M,e B, Then we may find Ci, Cl e 5^/, and Co, Co ^ n Mi 
such that C = CiCo) and C' = CiCo- We have that if P is the projection onto the subspace 
mejT^iB then CUa^Co* - nC^^o) - EBiC^xCmt e C[P{axQ)Ci e /Co, and 

If C, C' G ^no and b E B then if C and C' do not end with a letter in the same algebra 
we have that C'^C* ^ ^o, also if both C and C' end with something in {^3}^ then as L(¥2) 
commutes with B and since {^3}j<nQ{^3}j<nQ C {is}j<mo we may rewrite C'^C* to see that 
it is in /Co, otherwise as above we may find Ci? Ci ^ '^',^0'*' Co, Co ^ H Mj such that 
C = CiCo, and C' = CiCo; and then decompose C'^C* into parts in H'^^, JCq, and something 
in SnoBSfio with shorter words. Hence by induction to show that Hno ^t is enough 

to show that /Co C Ti.'^^ . 

Let 7] and rj' be as above, and take b E B, if n — 0, i.e. i] = 1 then r/'fe?/* = rj'b G Hmo- 
Also if in = ^ then since L(F2) commutes with B and G {^ajjXmo we can rewrite ?7'6?7* 
so that 1] and ry' are still in 5*^,0 but such that the length of r] is shorter. If z„ = i G {1, 2} 
then since Esibij^ ) = as above we may replace b^^^ with P{bii'^ ) and 6^^^ —P{bii2 ) 
and in so doing rewrite rj'brj* as a sum of things where the word on the right has shorter 
length plus something in H'^^. Thus by induction we have shown that JCq C H'^^ and so 

Let Pno be the orthogonal projection of L'^{M) onto Hno- 
Fact 3: Ve > 0, yi, . . . , e M, 3w G U{Q) such that WPnoiVj^yM < Vj, k. 

Let mo be as above, then by Fact 2 3w e U{Q) such that \\EMi{Cytw*yjC)\\2 < 

Thus VC G Smo , b e B we have 

\{Cb,y*wyk)\^ = \TiEB(ylw*yjOb)\^ 

< \\EMAy>*yjC)\\l\\b\\l < ie/3\Smf)\ml 

and so \\Pn,{y*wyk)g < e/3\Sm,\^. Also Vi G {1,2}, C, C e -^^'J, and ^ G sp{Cf }i^>mo5 
we have 

l(C'eC,y>yfe)l' = \r{EMACylw%C)0\' 
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< \\EMACylw*y,C)\\imi < ie/3\S^,m'CC\\i, 

and so \\Pn,^^,^^{yjWyk)\\l < e/S\Smo\^. 
Therefore 

\\Pnoiy*wyk)\\l<\\Pn'^^^iy-wyk)\\l 

for each j, k < n, thus we have proved Fact 3. 

Next we note that if Q'n (M, cb) contains a non-zero, finite-trace projection then so does 
Q' n (M, cmi) and so by our assumption we are in the position of applying Proposition 3.3. 

Hence there exists a non-zero partial isometry v & M such that vy = 0{y)v, Vy G Q. Let 
£ > and take ni large enough so that there exists Vq G spS^j^B satisfying Ht' — folb < 
Using the notation in Proposition 3.4 let L e N, such that ||£^L(a;)||2 < £/12||t)o|p, Vx e Q, 
||a;|| < 1, also let no = ni + 3L, and let mo be as above so that Hno C H'^^. Then 
as our basis is bounded we have that vq is bounded so by Fact 3 3w G U{Q), such that 
||-Pmo('f^o'ii')||2 < ^/4||t'o||- Take Wq E M such that El{wq) = 0, and \\w — Wq\\2 < £/6||t;o|P- 

Let /C C LF'{M) be the right Hilbert 5-module generated by 1 and all the vectors 
' ' ^ ^ such that if ik^ — 3 for some ko < n then jk < ni, \/k < kg. Note that 
/CM C fC and so since wq & M and vq & K, we have that vqWo G /C. 

Let C, C e -^^o' ^ > "^0, and b e B, then since K > ni we have that PiciC'$,fbC) = 
C'ifhC if C G M and C' G /C, and Pk{C^!^K) = otherwise. Also if C G S^o and B e B 
then Px:(C^') = C^* if C e /C and P^clC^*) = otherwise. Hence Px:(^no) C Pic{n'm^) C Ti^,^ C 

Let us write -^q and wq in as = and wq = T^^^^p^^b^^. Take G /3 

snchthe^tb^^ y^O and b^^^O, where ^^^^eil-^l: Au,^Cl\---CiZ- Thus ^(^^6^ J (^,6^ J* 
(«fei^fe>fei • • -^k^^kKJiJi^Mf • • - C*)- Let us assume that n > 3m by adding on 
I's at the end of this word if necessary. If kg < no, VI < s < m then since Vq G sp^^^S, 
and m < L, by decomposing ul^b^^b'^^^j'^ as it's expectation onto B plus something with 
terms in B ^ L{¥2) and zero expectation onto B, we write 0{^wb^^){Cvb£^^)* as something 
in Hn(t plus something in /C-*-. Otherwise if kg > uq for some s < m then by decomposing 

Ukr^{i^C^KJiJt^lf)^lZf)ilZf j^s* ^bove into it's cxpectatfon onto B plus some- 
thing with terms in B ® L(¥2) and zero expectation onto 5, we write 0{Cwb^^){^vb^^)* as 
something with shorter words plus something in /C"*- . Hence by induction we have shown 
that 0{Cwb^^){Cvb^J* G Hno + and hence also 9{wo)vo G Hno + 
As PK.{Hno) C "Hmo wc havc that Px:(6'(iyo)^'o) C Hmo- Thus 

|(wowo,6'(wo)^^o)| = |(^^ow^o,^^x;(6'(^«o)'i^o))| = \ {.Pmo{'"oWQ),PK:{9{wQ)vo))\ 

< ||-Pmo(^oW^o)||2(|ko - W^lblboll + l^olb) 

< {\\Pmo{vow)\\2 + ll^'ollllw'O -W'||2)(||^y0 - W^lbll-i^oll + ll^ob) 
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< (£/4||^o|| + e/6\\vo\\){e/6\\vo\\ + \\vo\\) < e/4. 
Hence we have shown that 

11^112 = Il^«'ll2 

= {vw, 9{w)v) < 2\\v - vo\\2 + \{vow, 6{w)vo)\ 
< 2\\v - V0II2 + 2||voin|ty - wo\\2 + \{voWo, 9{wo)vo)\ 
< £/3 + e/3 + e/4 < e, 

which contradicts the assumption that v is non-zero. □ 

5. Rigid subalgebras in AFP factors: General Bass-Serre type results 

We have shown in Theorem 4.3 that if Q is a relatively rigid von Neumann subalgebra of 
an AFP algebra M = Mi * b M2 then there exists a non-trivial Hilbert bimodule Tt C L'^{M) 
intertwining Q into one of the Mj's. We now deduce that a corner of Q can be conjugated 
by a unitary element into that same Mj. When Mi, M2 are factors, one can in fact uniquely 
partition 1 with projections gi,Q2 G Q' fl M such that Qqi is unitary conjugate into Mj, 
z = 1, 2. This general Bass-Serre type result will be used in the next sections to derive more 
specific statements in the cases B = B = A abelian Cartan and B = R the hyperfinite 
III factor. 

5.1. Theorem. LeA, {Mi,Ti), i = 0,1,2, he finite von Neumann algebras with a common 
von Neumann subalgebra B C Mi, z = 0, 1, 2, such that Tq\b = '^i\b = '^2\b, O'l^d such that 
the inclusions B C Mj are homogeneous. Denote M — Mq * b Mi * b M2 . Let Q G M be a 
relatively rigid diffuse von Neumann subalgebra. Assume no corner of Q can be embedded 
into Mq inside M. 

1°. There exist i G {1, 2}, projections q E Q , q" & Q' H M with qq" 7^ and a unitary 
element u G U{M) such that uqQqq"u* C Mi. 

2°. // Ml, M2 are factors then there exists a unique pair of projections f/i, Q2 G Q' H M 
such that qi + q2 = 1 and Ui{Qqi)u* C Mj for some unitaries Ui G U{M), i = 1,2. Moreover, 
these projections lie in the center of Q' H M. 

Proof 1°. By Theorem 4.3 and (2.1 in [P6]) there exist i G {0, 1,2}, q G V{Q), p G P(M,) 
non-zero projections, an isomorphism i/; of qQq into pM^p and a non-zero partial isometry 
f G M such that vv* G (qQq)' HqAdq, v*v G i/j{qQqy HpMp and xv = \/x G qQq. By 

hypothesis, i cannot be equal to 0, thus i G {1,2}. Note that by shrinking q if necessary, 
we may assume = for x G qQq implies x = 0. Also, if we denote by q' the support 
projection of Emi{v*v), then by replacing if necessary -i/; by q'il^{-)q' it follows that we may 
assume q' = p. 

Now note that if a corner of i^iqQq) can be embedded into pBp inside pMip then by 
Lemma 1.4.5 a corner of Q can be embedded into B (thus into Mq D B as well) inside M, 
contradicting the hypothesis. Thus, no corner of il^{qQq) C pMip can be embedded into 
B inside Mj, so we can apply Theorem 1.2.1 to conclude that Q'q (IpMp C pMip. Hence, 
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v*v e Qq HpMp C Mj. Taking q" = vv* and u e M a, unitary element such that uqq" = v, 
the statement follows. 

2°. Let z — z{q) denote the central support of g in Q and note that zq" is then the 
central support of qq" in Qq" . By the factoriality of M^, z = 1, 2, it follows that there exists 
a unitary u e U{M) such that Qq"z C uMiU*. (Indeed, this is because whenever Qq G N 
is an inclusion of finite von Neumann algebras, go ^ 'P{Qo) and A^o C AT is a subf actor with 
qQoQ C Nq, then there exists u e U{N) such that Qoz{q) C uNqu*.) Thus, the projection 
p'q = q"z e Q' nM together with the unitary element u satisfy the condition uQp'qU* C Mi. 

Let be the set of all families of mutually orthogonal projections {Pi}iei C V{Q' fl M), 
with the property that \/i e e {1,2} (unique by Theorem 1.2.1) and Vi e U{M) 

such that ViQpi'v* C -M^^j). is clearly inductively ordered with respect to the order given 
by inclusion. Let {p^lie/ be a maximal element. Let q'l = ^2 = '^j{i)=2Pi and set 

Assume g' 7^ 0. Since Q is diffuse, there exists q G V{Q) such that r{q'q) = 1/n for 
some integer n > 1. Let Q C M be a von Neumann algebra isomorphic to MnxniQQQQ') 
with qQqq' equal to the upper-left corner qq'Qqq' and qq' having central trace 1/n in Q. 
By (Sec. 4 in [P5]) Q C M is a rigid inclusion. Thus, we can apply the first part of 
the proof to get i e {1,2}, 7^ q' e Q' H M and a unitary element w E M such that 
wQq'w* C Mi. Since qq' has scalar central trace in Q, it follows that the projection 
p = qq'q' G (qQq)' fl gMg = q{Q' fl M)g is non-zero. Thus p = qq", for some projection 
q" E Q' n M with q" < q'. Since p < q', we also have w{qQqq")w* C M^, implying that 
if we denote p' — z{q)q" (where z{q) is the central support of q in Q) then p' E Q' H M, 
p' < q' and there exists a unitary element tt in M such that u{Qp')u* C Mj. But then 
{p'i\i&i U {p'} lies in thus contradicting the maximality of 

We have thus shown that q'l -\- q'2 = 1- On the other hand, by the factoriality of the 
Mfc's, k = 1,2, for each fixed k we can choose the unitary elements {vi \ = k} which 
satisfy Vi{Qp'i)v* C M^ so that Vip'iV* be mutually orthogonal projections in Mj.. Taking 
Uk G U{M) to be a unitary element extending T,j(^i^^f.Vi, it follows that Uk{Qq'^)u*j^ C M/., 
k=\,2. 

This proves the existence part of part 2°. But the uniqueness part is then clear, since if 
p'i,p'2 is another pair of projections in Q' fl M satisfying p'^ + p'2 = 1, Vi{Qp'i)vl C Mj for 
some Vi G U{M), i — 1,2, and we assume x — p'iq'2 ^ 0, then the partial isometry w in the 
polar decomposition of x lies in Q' n M and if we denote p = ww* then vi{Qp)vl C Mi 
while U2W* {Qp)wu2 C M2, contradicting Theorem 1.1. 

To finish the proof of 2° we need to show that q'^, q'2 are in the center of Q' fl M. Since 
q'^ + q'2 = 1, this amounts to showing that their central supports in Q' H M are disjoint. 

Assume by contradiction that there exist non-zero projections q'/ < q'i, q'i E Q' H M with 
u'q'{u'* = q'2 for some u' E U{Q' n M). But then Uk{Qq'l)ul C M^, k = 1,2 are diffuse and 
are conjugate by the unitary element U2u'ul, contradicting Theorem 1.1 again. □ 

5.2. Theorem. Let I be a set of indices with E I and {Mi,Ti), i E I, a family of finite 
von Neumann algebras with a common von Neumann subalgebra B C Mj, such that rQ\B = 
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TilBi^i- Assume are factors for i ^ Q and the inclusions B C Mj are homogeneous, 
\/i e /. Denote M = *B,ieiMi the free product with amalgamation over B of the algebras 
Mi,i G /. Let t > and Q C be a relatively rigid diffuse von Neumann subalgebra 
such that no corner of Q can be embedded into Mq inside M and such that the normalizer 
of Q in M* generates a factor N. Then there exists a unique i E I \ {0} and a unitary 
element u e M* such that uQu* C Mf. Moreover, such u satisfies uNu* C Mj, and in fact 
uNu* C Mf, where N = N{N, Ml; B) is as defined in 1.2.2. 

Proof. Note first that Q C M* rigid impfies Q is countably generated (see e.g. [PeP]). Thus, 
there exists a countable subset 5' 9 of indices z e / such that Q C {*B,iesM^iY ■ By 3.2, 
Q C (*B,ie5Mj)* is rigid and by 1.2.1 all N is contained in (*B,ies-^i)*- This shows that it 
is sufficient to prove the statement in the case M^, i > 0, is a sequence of algebras. 

Moreover, since Q C is rigid and since the factors M{K,t) = (Mq *b i*B,keKMkY, 
with K finite subset of {1, 2, ...}, tend to M*, it follows by ([P5]) that there exists a non-zero 
projection q' e Q' D M*, a unitary element v e M* and a finite set C {1, 2, ...} such that 
v{Qq')v* C M{K,t). But q' ^ N and by (3.4 in [P6]) Qq' is quasi-regular in q'Nq', so 
by 1.2.1 we have v{q'Nq')v* C M{K,t). Since N is a. factor, v can be modified so that 
yNv"" C M{K,t). In particular vQv* C M{K,t). 

Since Q is diffuse, there exists q G V{Q) such that T{q) < t~^. Thus, we may assume 

v{qQq)v* C Mk '= Mq *b i*B,keKMk), and notice that by (4.7 in [P5]) the unital inclusion 
v{qQq)v* C pM^p is rigid, where p — vqv*. Since K is finite, 5.1 applies to get i G 
K, q'i E {vqQqv*y fl pMxP and a unitary w G Mk such that w{vqQqv*q[)w* C 
Mj. Moreover, since T{q) < t~^ we can view w{vqQqv*ql)w* as a (possibly non-unital) 
subalgebra of Mf. Since q'^ G (vqQqv*)' DpMp, it follows that G vqNqv* (recall that N 
is generated by the normalizer of Q in M). By (3.4 in [P6]) and 1.2.1 again, it follows that 
w{q[vqNqvq[)w* C Mj, implying that wq[vq can be extended to a unitary element u G M* 
such that uNu* C M|, thus uQu* C M|. Also, by 1.2.1 i is unique with this property while 
by CoroUary 1.2.3 it follows that uNu* C M*. □ 

6. Amalgamation over C: Free product factors with prescribed ^{M). 

We first apply Theorem 5.1 to plain free product factors, where the result becomes 
an analogue of the classical Kurosh theorem for groups. The first Kurosh-typc results in 
Operator Algebra framework were obtained by N. Ozawa in ([02]). He proved that if is a 
non-prime non-hyperfinite IIi subfactor of a free product M = Mi * M2 of semiexact finite 
factors Ml, M2, then N can be unitarily conjugated into either Mi or M2 (this is analogue 
to "Kurosh subgroup theorem"). As a consequence, he showed that if two free products 
*jMj, *jNj of non-hyperfinite, non-prime, semiexact factors Aj, Mj arc isomorphic then the 
"length" of the two free products must be the same and each Aj is unitary conjugate to Mj, 
after some permutation of indices (this is analogue to "Kurosh isomorphism theorem" ) . 

In turn, our results cover different classes of algebras. Thus, our analogue of the "Kurosh 
subgroup theorem" allows Mi,M2 to be arbitrary finite von Neumann algebras but only 
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gives information about relatively rigid subalgebras Q of Mi * M2. Our corresponding 
"isomorphism theorem", which in fact we obtain for amplifications of free products, will 
require the factors Ni,Mj to be either w-rigid, i.e. to have diffuse, regular, relatively 
rigid subalgebras, or to be group measure space factors associated to actions of w-rigid 
ICC groups. In particular, it holds true for Ni, Mj IIi factors with the property (T) (in 
the sense of [CJ]) and more generally for tensor products of property (T) IIi factors with 
arbitrary finite factors. Moreover, since the factors N = L{1? xi F„) in ([P5]) are w- 
rigid and have trivial fundamental group (see Theorem 7.11 for a different proof), this will 
allow us to obtain large classes of factors with trivial fundamental group, different from the 
ones in ([P5,6]). More generally, using also ([DyR]), we construct a completely new class 
of factors with prescribed fundamental group which, unlike the ones in ([P5,6]), have no 
Cartan subalgebras (by [V2], cf. 6.6 below). 

6.1. Theorem. Let {Mi,Ti), i = 0, 1,2 be finite von Neumann algebras and denote M = 
Mq * Ml * M2. Assume no direct summand of (Mo,to) has relatively rigid diffuse von 
Neumann subalgebras {e.g. Mq = C, or more generally Mq with Haagerup property). Let 

Q C M be a relaMvely rigid diffuse von Neumann subalgebra of M . 

r. There exist i G {1,2}, q e V{Q), q' G ViQ' D M) and u G U{M) such that qq' ^ 
and uqQqq'u* C Mj. 

2°. // in addition Mi,M2 are factors, then there exists a unique pair of projections 
QitQ2 ^ Q' n M such that q'l + q'2 = ^ cind Ui{Qq'j)u^ C Mj for some unitaries Ui e 1A{M), 
z = l,2. Moreover, q[,q2e Z{Q' nM). 

3°. If instead o/Mi,M2 we consider a whole family of finite factors Mi,i > 1, and we 
take Q C M* = (Mq * Mi * M2 * ...y a rigid inclusion, for some t > 0, and we assume the 
normalizer of Q in M* generates a factor N, then there exists a unique i > 1 and a unitary 
element u e M* such that uQu* C M/. Moreover, such u satisfies uNu* C M*, and in fact 
uNu* C Mf, where N = N{N, M*; C) is as defined in 1.2.2. 

Proof. As in the proof of 5.2, note that Q relatively rigid implies Q countably generated. 

Thus, there exist countably generated von Neumann subalgebras C M^, i = 0, 1, 2, such 
that Q C Mq * Ml * M2 . Thus, to prove 1° it is clearly sufficient to prove it in the case 
Mj are countable generated, i = 0, 1, 2. But then each C C Mj is homogeneous by Lemma 

4.2. Let us show that no corner of Q can be embedded into Mq inside M. Assume this is 
not true. By (2.1. in [P06]) it follows that there exist q e Q,p E Mq non-zero projections, 
a unital isomorphism t/j of qQq into pMop and a non-zero partial isometry v ^ M such 
that vv* G (qQq)' fl qMq,v*v G i^ijlQl)' H pMp and xv = viIj{x),\/x G qQq. Denote 
q" = vv* eQ'nM. 

Since ip[qQq) C pMop is a diffuse von Neumann subalgebra, by Theorem 1.2.1, it follows 
that i^iqQq)' HpMp C pMop. Thus v*v G pM^p. This shows that v*qQqv C pMop, which 
in turn implies that qQqq" C wMqw* for some unitary element w E M extending v. Since 
Q C M is rigid, by (Proposition 4.7 in [Po5]) qQqq" C qq"Mqq" is also rigid, which trivially 
implies qQqq" © (1 - qq")C C M is rigid. But then w*{qQqq" © (1 - qq")C)w C Mq follows 
rigid by Corollary 3.2. By taking a suitable amplification of w*{qQqq")w in Mq and using 
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again (4.7 in [Po5]), this implies a direct summand of Mq contains a relatively rigid diffuse 
von Neumann subalgebra, a contradiction. 

Altogether, this shows that the conditions required in 5.1 are satisfied, so part 1° of the 
statement follows as a particular case of that theorem. 

For part 2°, simply notice that if Mi,M2 are factors then the countably generated von 
Neumann subalgebras M^, M}*, with the property that Q C M^*M{'*M^ can be chosen 
so that Mi,M2 factors as well, so 5.1.2° applies. 

Part 3° follows then from part 2° and 5.2. □ 

6.2. Definition. A finite von Neumann algebra (M, r) is weakly rigid (w-rigid) if it contains 
a regular, relatively rigid, diffuse von Neumann subalgebra, i.e. a subalgebra Q G M such 
that Mj^iQ)" = M and Q C M is a rigid inclusion (or Q is a relatively rigid subalgebra 
of M [P5]). Note that if G is a w-rigid group as defined in ([P5-8]), i.e. G contains an 
infinite normal subgroup with the relative property (T) of Kazhdan-Margulis, then L{G) is 
w-rigid. Also, if M is w-rigid and P is an arbitrary finite von Neumann algebra then M^P 
is w-rigid. 

6.3. Theorem. Let (Mq, rM„), (-/Vo, ^Afo) be finite von Neumann algebras which have no 
reUitively rigid diffuse subalgebras {e.g. Mq, Nq have Haagerup's compact approximation 
property). Let Mi, . . . , and Ni, . . . , Nn be IIi factors, where n,m > 1 are some car- 
dinals {finite or infinite) and assume each Mi,Nj is w-rigid. If 9 is an isomorphism of 
M = *^QMi onto N*, where N = *^^o-^i ^'^^ t > 0, then m = n and, after some permu- 
tation of indices, 9{Mi) and are unitary conjugate in N*, Vz > 1. 

Proof. For each m > i > 1 let Qi <Z Mi be a regular, relatively rigid, diffuse von Neumann 
subalgebra. Since Mj are factors and Qi C Mj are regular inclusions, it follows that for any 
s > the factor Mf contains a regular, diffuse, relatively rigid subalgebra. To see this, note 
that AfMiiQi) acts ergodically on the center of Qi, so Z{Qi) is either diffuse or atomic. In 
both cases we can find projections q' G Z{Qi) and q G Qiq' such that the central trace of 
q in Qi is a scalar mutiple of q' and r(g) = s/k, for some k > t. By (Lemma 3.5 in [P6I]) 
it follows that the inclusion qQiq C gM^g is regular and by (4.7 on [P5]) it is rigid as well. 
But then MkxkiqQiQ) C MkxkiqMiq) = Mf is regular and rigid ([P5]). 

Moreover, note that any diffuse von Neumann subalgebra Bi C M? satisfies B'- fl C 
M?. To see this, note first that by taking direct sums of k copies of Bi embedded diagonally 
into Mkxk{Mf) = M^'^, with k sufficiently large, we may assume s > 1. Then takep G 'P{Bi) 
with t{p) — 1/s and note that if we assume by contradiction that B[ fl ^ B[r\ Mf, then 
{pBipY npM^p 7^ {pBip)' npMfp. But {pMfp C pMp) ~ (Mj C M) and M splits off Mj as 
a free product. Thus, by Theorem 1.2.1 the relative commutant in pM^p — M of the diffuse 
subalgebra pBip C pM^p = Mi must be contained in pMfp, contradicting the assumption. 

Taking now s = 1/t, it follows that mV* has a diffuse, regular, relatively rigid subalgebra, 

implying that Pi = 6^^^{mI^^) has such a subalgebra Bi as well. In particular, the inclusion 
Bi <Z N is rigid. In addition, B[\~\ N C Pi. Since the inclusion Bi G N is rigid and 
regular, by 6.1.3° there exists a unique j{i) G {1,2, ...,n} and a unitary Ui & N such that 
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Bi C UiNj(^i^u* and Pi C UiNjf^i^u*. Thus, there exists a unique such that for some 
unitary Vi e N* we have d{Mi) = Pi C ViN^-^^^v*. 

Similarly, by applying the above to we get for each n > j > 1 a unique m>k{j)>l 
and a unitary element in Wj e M such that 9~^{Nj) C WjM^j-^Wj. Altogether, for each 
m > i > 1 we get 

(6.3.1) M, = e-\e{Mi)) C e-\viNl^i)vt) C mMk^j^^^u*, 

where Ui = Wj(^i)9~^{vi). By Theorem 1.2.1 it follows that k{j{i)) — i, i.e. koj = id. 
Similarly, j ok = id. Thus m = n, j and k are onto isomorphisms and the inclusions (6.3.1) 
are in fact equalities. □ 

In the next statement, for a finite permutation tt G Sm and m > z > 1 we denote by 
m(7r, i) the cardinality of the set {7r'^(i) \ k > 1}. 

6.4. Corollary. Let m G N and let Mi,... , 6e w-rigid Hi factors. Let (Mq^tmo) 
be a finite von Neuman algebra which contains no rigid diffuse von Neumann subalgebras. 
Denote M = *^o^i- Then ^{M) C U^eS„. ^Zi ^(Mi)^('^'»)"' C n^iJ^(Mi)i/"^'. In 
particular if one of the factors Mi,m > i > 1, has trivial fundamental group then so does 
M. 

Proof. For t G =^(M), let ^ : M ^ M* be an isomorphism. Applying the previous theorem, 
we get that there exists tt G Sm such that 9{Mi) and Af*(j) are unitary conjugate in M*. 
In particular, we have that Mj = M*^^^,V1 < i < m which by induction implies that 

Mi^Mf,(.),Vl<z<m,/eGN. 

Fixing i and letting k = m{7r,i) we obtain that g ^{Mi), or equivalently t G 

^(j\^.)m(7r,j)- _ By intersecting over all values of z, taking the union over all possible 
permutations and noticing that m(7r, i) divides m, the result follows. □ 

For the next corollary we denote by Xfi^ the set of all finite tuples of positive numbers 
{ti)i<i<n C M!j_, n > 2, and by X^o the set of all infinite sequences {tj)j>i C M!j_. Also, we 
let X = Xfin U Xoo- li X = {ti)i, Y = {sj)j are in X we then write X ~ Y if both have the 
same "length" and there exists a permutation (bijection) tt of the (common) set of indices 
{1, 2, ...} such that S7r(i) = ti, Vz. 

Given a IIi factor M and X = {ti)i e X, we denote = *iM^\ Note that ifX,Y e X 
and X ^ then tt implements a natural isomorphism ^ M-^ ~ M^, in the obvious 
way. For t > and X = {ti)i e X we denote tX = {tti)i G X. 

6.5. Corollary. Let M be a w-rigid IIi factor with trivial fundamental group, e.g. M = 
L{I? X 5L(2,Z)) (c/. [P5]). 

1°. IfX.YeX then iffXr^Y and iff * L{¥k) ^ * L{Wk), for some 

1 < /c < oo. 

2°. ,:^{M^) = {1} /or all X G A'jj^. Moreover, if we denote by Xq the set of elements 
X in Xfin with minX = 1, then {M^ \ X G Xq} is a continuous family of mutually non 
stably isomorphic IIi factors. 
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3°. For each X e Xoo denote Sx = {t e M.*^ \ tX ^ X}. Then ^{M^) ^ Sx- In 
particular, ifSG is an infinite, countable subgroup and X e X^o has the elements of S as 
entries, each one repeated with the same {possibly infinite) multiplicity, then ^{M^-^) = S, 
Wt > 0. Moreover, M^'^^ , M^'^^ are stably isomorphic iff ti,t2 are in the same class in 
M.'^/S. Thus, {M^-^ I t e M^^/S"} is a continuous family of mutually non stably isomorphic 
III factors all with fundamental group equal to S. 

4°. If S G is an arbitrary infinite (possibly uncountable) subgroup then the IIi factor 
= *g^sM^ has fundamental group equal to S. 

Proof. 1°. If = then by Theorem 6.2 X,Y have the same length and there 
exists a bijection tt of the corresponding (finite or infinite) set of indices {1,2,...} such 
that M** = M^-^(i\ Vz. Since M has trivial fundamental group, this implies ti = S7r(j),Vz, 
and thus X Y- The second equivalence has exactly the same proof, using 6.3 with 

Mo = L{¥k). 

2°. If X = (t,)i<z<n, Y = (s,)i<,<^ are in Xj,^ and ~ (M^)* then M^*L{¥^) ~ 
(M^)* * L(Foo). But by ([DyR]) the last factor is isomorphic to M*^ * L{¥oo)- Thus, 
M^*L(Foo) ^ M*^*L(Foo), which by part 1° implies X ~ tY. Thus, if X = y (respectively 
X,Y e Xo) then t = 1 and we get ^(M^) = {1} (resp. X ~ Y). This implies both 
statements. 

3°. By ([DyR]), if X e then (M^)* ^ M(*^). Thus ^ (M^)* if and only if 
X ~ tX , which readily implies all statements. 

4°. It is easy to see that the proof of the amplification formula [M^Y ~ M^^ in ([DyR]) 
doesn't in fact depend on the fact that the infinite set 5" is countable. Thus, since iov t & S 
we have tS = S as sets, it follows that (M^)^ = M^^ = , thus 5' C ^{M^). Conversely, 
if s e satisfies (M-^)^ ~ , then ~ , which by 6.3 implies tS = S, so that 
seS. □ 

6.6. Remarks. Dima Shlyakhtenko pointed out to us that by combining Voiculescu's 
initial argument for showing that L(F„) has no Cartan subalgebras, with Kenley Jung's 
"monotonicity" ([Ju]) it follows that any free product of type IIi factors is "Cartan- less" 
(sec [Sh] for a detailed argument). Thus, unlike the examples of factors with prescribed fun- 
dametal group in ([P6]), which are group measure space factors associated with equivalence 
relations coming from Connes-St0rmer Bernoulli actions, the examples of factors M that 
we produce here (in Corollary 6.5) have no Cartan subalgebras, and altogether no diffuse 
hyperfinite "core". In particular, they cannot be written as crossed products of the form 
M = i? X r with R the hyperfinite factor. 

It is interesting to note that Theorem 5.1 can be used to give a completely new proof of 
the by now classical result of Connes and Jones showing that property (T) factors cannot 
be embedded into the free group factor ([CJ]). Thus, rather than using Haagerup's property 
(i.e. "deformation by compact c.p. maps"), as the original proof does, this new proof uses 
a "deformation by automorphisms" of the free group factors. 

6.7. Corollary. ([CJ]) For every n, 2 < n < oo the free group von Neumann algebra L(F^) 
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contains no relatively rigid diffuse subalgebra. 

Proof. If we write L(F^) as L(Z) * L(Z) * ... * L(Z) and then apply recursively the first part 
of Theorem 5.1 and Corollary 3.2, it follows that a corner of L(Z) contains a rigid diffuse 
von Neumann subalgebra, a contradiction. □ 

7. Amalgamation over Cartan subalgebras: vNE/OE rigidity results 

In this section we apply Theorem 5.1 to study group measure space factors of the form 
A xicr r where F is a free product of groups F = Fq * Fi * ... and cr is a free ergodic m.p. 
action of F on A = L°°{X, //), for {X, //) a probability space. Such a factor can alternatively 
be viewed as a free product with amalgamation M = Mq *a Mi *a where Mi = ^ xio-j Ti, 

= CTiTi) with A C M, with the algebra of coefficients A of the crossed product ^ >^ F now 
becoming the "core" of the amalgamated free product. It is this form that will allow us to 
use 5.1. 

Following ([P6]), we regard an isomorhism of such group measure space factors as a von 
Neumann equivalence (vNE) of the corresponding actions (cr, *iFj). Thus, the main result 
we prove in this section is a rigidity result showing that vNE of actions of free products of 
groups Fj satisfying some weak rigidity conditions (of property (T) type) entails the orbit 
equivalence (OE) of the actions cr, with component by component OE of the actions (a"i, F^). 
Due to its analogy to similar statements on (amalgameted) free products of groups in Bass- 
Serre theory, we refer to this as vNE Bass-Serre rigidity. We note that when applied to 
isomorphisms of group measure space factors that come from OE of the actions, they give 
OE Bass-Serre rigidity results. 

Since we study the group measure space factors M — A y\ (Fq * Fi * ...) as AFP factors 
{A XI Fq) *a x Ti) *A it is worth noticing that if M = Mq *a Mi *a ■■■ is an AFP factor 
coming from Cartan subalgebra inclusions A = L°°(X, //) C Mj, i > 0, then the AFP "core" 
A follows regular in M , but in general it may not be maximal abelian (thus not Cartan) 
in M. For instance, if A is a Cartan subalgebra of a IIi factor then A is not maximal 
abelian in M = *^ A^, because for any u G M^iA) with Ea{u) = the element u * 
is still perpendicular to A yet acts trivially on it. For more on general properties of AFP 
factors arising from Cartan inclusions we send the reader to ([Ko], [Ul,2]). 

In case Mj = A >i^. Ti, with each a free m.p. action, then there exists a unique m.p. 
action cr of F = Fq * Fi * ... on A such that cr|r. = cr^, Vi, and we still have the natural 
identification M = A xi^^ F = Mq *a Mi *a as in the case a a free action mentioned 
above. Then A is Cartan in M iff cr is a free action, i.e. iff cr^ are "freely independent" 
actions (in the obvious sense). For general equivalence relations (or Cartan subalgebras), 
the definition of "free independence" was formulated by Gaboriau ([Gl]) and is reminded 
below. Recall that if S is a finite von Neumann algebra, p, q are non-zero projections in B 
and 9 : pBp qBq is a *-morphism, then 9 is called properly outer if 6 e S, 9{x)b — bx, 
\/x G B, implies 6 = 0. 

7.1. Definition ([Gl]). Let {TZijiei be a family of countable, measurable, measure pre- 
serving equivalence relations on the same standard non atomic probability space {X, /x) (see 
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e.g. [FM]). We alternatively view each TZi as a pseudogroup of local m.p. isomorphisms 

: ~ F2 with Yi,Y2 C X measurable and the graph of </> contained in TZi ([Dy], [FM]). 
We say that {TZi}i are freely independent if for any n and any properly outer local isomor- 
phisms (f)j G TZij, 1 < j < n, ij e /, with ij ^ ij+i, ^ < j < n — 1, the product 0i02---0n is 
properly outer. 

In the case when each of the equivalence relations TZi is generated by properly outer 
automorphisms, Definition 7.1 can be viewed as a particular case of the following: 

7.1'. Definition. Let (-B, r) be a finite von Neumann algebra and Si C Aut(-B,r),i e /, 
a family of sets of r-preserving automorphisms, with each $ & Si either properly outer or 
equal to ids- We say that {Si}i are freely independent if for any n and any $j & Si.\ {ids}, 

1 < J < ij G -^7 with i\^ i^i^ ■■■ 7^ in,, the product 6i62---0n is properly outer. 

The next lemma translates the freeness conditions in definition 7.1 into the framework of 
operator algebras (see [U2]): 

7.2. Lemma. Let {Mn,Tn),n > 1, be finite von Neumann algebras with a common Car- 
tan subalgebra A C M^, such that Tn\A — '!'m\A,^n,m. Then A C Mi *a M2 *a ■■■ is a 
Cartan subalgebra if and only if the equivalence relations TZn = TZacm^} n > 1, are freely 
independent. 

Proof Since A is clearly regular in M = Mi *a M2 *a----i all we need to prove is that A C M 
is maximal abelian ifi^ ■{^n}n 

are freely independent. But this is trivial by the definitions of 
freeness and respectively of the amalgamated free product over A. □ 

The next result, essentially due to Tornquist ([To]), shows that a sequence of actions 
of countable groups (or merely countable m.p. equivalence relations) can be made "freely 
independent" by conjugating each one of them with a suitable m.p. automorphism. We 
include a proof, based on Lemma A.l in the Appendix, for the reader's convenience. 

7.3. Proposition. 1°. Let {X,fi) be a standard non atomic probability space and cr^ : 
Gn — > Aut(X, /i) be free m.p. actions of discrete countable groups Gn, n > 1. Then there 
exists a free m.p. action aofG = *nGn on {X, n) such that (J\g^ is conjugate to an, Vn > 1. 
More generally, if {TZn} n CLre standard equivalence relations on {X,fi) then there exists an 
equivalence relation TZ on (X, 11) generated by a family of freely independent sub equivalence 
relations TZ'^ G TZ,n > 1, such that TZn — TZ'n, 

2°. Let {Mn,Tn) be countably generated finite von Neumann algebras with a common 
diffuse Cartan subalgebra A C Mn, n > 0, such that t„|^ = r^\Aj Vn, m. Then there exist 
Cartan subalgebra inclusions {A C A^n}n such that {A C Nn) — (^ C Mn), Vn, and such 
that A is a Cartan subalgebra in Nq *a Ni *a N2.... 

Proof. 1°. This is an immediate application by induction of Lemma A.l, once we notice 
that any TZn can be extended to a countable m.p. equivalence relation Sn on [X, fi) which 
is generated by countably many properly outer m.p. automorphisms. 

2°. By Lemma 7.2, we only need to make the equivalence relations 7^acm„ freely inde- 
pendent, so the first part applies. □ 
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We also notice the following general "compression formula" for restrictions of "free prod- 
ucts of equivalence relations" TZ = *"^j7?.i, i.e. for relations TZ that are generated by freely- 
independent sub-equivalence relations TZi (Z TZ,1 < i < n. 

7.4. Proposition. 1°. Let Mj, 1 < i < n, be IIi factors, for some 2 < n < oo, with 
a common Cartan subalgebra A and assume A (Z M = Mi *a M2-- *a is Cartan. If 
p E A is a projection of trace 1/m for some integer m > 1 then the Cartan subalgebra 
inclusion Ap C pMp is naturally isomorphic to Ap C Mq *AppMip *Ap ••• *AppM„,p, where 
{Ap C Mo) = {Ap X ^(n-i)(m-i)) for some free action of the free group lF(n-i)(m-i) on Ap. 

2°. Let TZi, ...,TZn be freely independent, countable, ergodic, m.p. equivalence relations 
on the same standard probability space {X, jj) and denote by IZ the equivalence relation they 
generate. If Y G X is a subset of measure 1/m then the restriction TZ^ of IZ to Y is 
generated by the freely independent ergodic sub- equivalence relations IZj ,1 < i < n, and 
IZq, where TZj is the restriction of TZi to Y and IZq is generated by a free m.p. action of a 
free group with (n — l)(m — 1) generators F(^_i)(^_i) on Y. 

Proof. It is clearly sufficient to prove part 1°. By the representation of AFP algebras 
(1.1.1), the von Neumann algebra generated by pMip,l < i < n, in pMp is isomorphic 
to the AFP algebra pMip *Ap ••• *Ap pMnp. On the other hand, since r(p) = 1/m and 
each Mi is a factor, by Dye's Theorem ([D]) there exist matrix units {ei''}i<j^k<m in the 
normalizing groupoid QJ\fMi{A) of A G Mj such that eP = p and = e^, \/l < i,i' < n 
and VI < J < m. Denote by u{ = e\-'e{^ G pMp, 2 < z < n, 2 < j < m, and notice that there 
are (n — l)(m — 1) many such unitary elements. The expansion (1.1.1) of Mi *a ■■■ *A 
implies that {w^ji.j are the generators of a free group ^{n-i){m-i): ciU of whose elements 
7^ 1 are perpendicular to Ap. Since A C M is Cartan, this implies the action implemented 
by F(-„_i)(^_i) on Ap is free. Moreover, if we denote Mq = Ap\/ {ulY/j ~ x ¥(^n-i){m-i) 
then it is immediate to check that if v = Vi^Vi^...Vif, G pMp is an "alteranting word", with 
Vii in the normalizing groupoid of Ap in pMi^p,\/l, and i\ ^ ii ... ^ ik in {0, 1, ■■■,n}, 
EAp{vii) = 0,V/, then v has expectation on Ap as well, Eap{v) = 0. Thus, if we denote 
by A/" C pMp the von Neumann algebra generated by pMip, < i < n, then {Ap c N) = 

{Ap C Mo *ApPMip *Ap--- *ApPMnp). 

Finally, since e{^u{ = e{^ , we have that M is generated by = pNp and the matrix unit 
{^i'}j,k- This also implies that pMp is generated by y^^QpMip. Altogether, this shows that 

{Ap CpMp) = {Ap CN) = {Ap C Mq *Ap pMip *Ap ... *Ap pMnp). □ 

The above result shows in particular that if F„ r\ X is a, free m.p. action on the 
probability space with restrictions to each of the generators of F„ acting ergodically on 
X then the amplification of the corresponding orbit equivalence relation TZw^ by 1/m is 
an equivalence relation that can be implemented by a free ergodic m.p. action of a free 
group with m{n — 1) + 1 generators, thus recovering the "compression formula" (7^f„)^^"^ = 
7^F„(„_i)+i in ([Hj]). On the other hand. Proposition 7.4 can be viewed as an AFP version 
of the "compression formula" for plain free product factors in ([DyR]). 

The statement 7.5 below will require the following: 
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7.5.0. Notation. Let {Fi^jj^^Q be discrete countable groups, 1 < < oo, i = 1, 2. Denote 
Gi = Ti^Q * Ti^i * ... * Ti^m, i = 1,2. Let ai : Gi ^ Au.t{Xi, /li) be a free, m.p. action 
on a standard probability space (Xi.fii). Denote Ai — L°°{Xi, fii), Mi = Ai xig-. Gi and 
M^j = A^ Xo-,^. Tij, where cry = {cri)\Tij, Vn^ > j > 0,i = 1, 2. 

The general result we prove shows that, under suitable weak rigidity conditions on the 
groups Fij, an isomorphism between the factors Mi, M2 must take each of the "component 
inclusions" {Ai C Mij) onto each other, modulo some permutation of indices and unitary 
conjugacy. Since the weak rigidity assumption on the r^-'s is somewhat technical, we display 
the conditions separately and give right away a list of examples when they are satisfied: 

7.5.1. Assumption. Tiq, T20 have Haagerup property, z = 1, 2, and if both Fio, are finite 
then at least one of the rii must be > 2. For each j > 1, z = 1, 2, Fy contains a subgroup 
Hij with the following properties: 

(o). Hij is non virtually abelian and the pair {Tij,Hij) has the relative property (T) 
([M]). 

(b) . The normalizer Nij of Hij in F^ is ICC in F^- (i.e. \{hgh ^ \ h E Nij}\ — 00, 
\/g e Tij \ {e}) and 0"^ is ergodic on Nij. 

(c) . For any proper intermediate subgroup N^j C N![j C F^- there exists g e T^j \ N[j 
such that g{N[j)g~^ fl A^^ is non virtually abelian. 

Note that condition (c) above on the inclusion Nij C F^ is similar to the wq-normal 
condition in ([P6,8]). It is equivalent to the existence of a well ordered, strictly increasing 
family of intermediate subgroups {G; | < / < L} such that Go = Nij, Gl = Fy and 
Gk+i = {g E Tij I gGkg~^ H Gk non virtually abelian}, V/c. 

If Fij, J > 1, is ICC and has a normal, non virtually abelian subgroup with the relative 
property (T) then conditions (a), (6), (c) are trivially satisfied. 

Related to conditions (a) and (6), note that if a non virtually abelian group H is normal 
in an ICC group G then L{H) has no type I summand, i.e. it is of type IIi. Indeed, because 
G acts ergodically on the center of L{H), so if L{H) has non-zero type I part then it is 
homogeneous of type 1^ for some 2 < n < 00, contradicting ([Ka]). 

7.5. Theorem (vNE Bass-Serre rigidity). With the notations 7.5.0 and assumptions 
7.5.1, if 9 : Ml ~ M2, for some t > 0, then ui = 712 and there exists a permutation tt of 
indices j > 1 and unitaries Uj e such that Ad{uj){9{Mij)) = M^^^^y Ad{uj){9{Ai)) = 

A\, Vj > 1. In particular, 7^^, ~ and Tl^, . ~ n^^ ^^^.^, Vj > 1. Also, ifVio = F20 = 1, 
2 < ni < 00 then the existence of such an isomorphism forces t = 1. 

Proof. We denote by Qij C the "rigid part" of M^, i.e. Qij = L{Hij) where Hij C Tij 
is a subgroup satisfying properties (a), (b), (c) in 7.5.1. Also, we denote by Pij the von 
Neumann algebra generated by the normalizer of Qij in Mij. Thus, Pij D L{Nij), where Nij 
is the normalizer of Hij in Fjj in (6). Notice that conditions 7.5.1 imply that P/^ nM^j = C 
so that by 1.2.1 we also have P-j flMj = C, Vj > 1, i = 1, 2. Also, note that Qij is relatively 
rigid in Mij, thus in Mj. 
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Assume first that t < 1. For simpficity, denote A2 = A, M2 = M, G2 = G, = 
and let {ug}g^G C M denote the canonical unitaries. Let e ^ be so that T{q) = t and 
^(1) = q. Fix i > 1. Since Qu C Mi is a rigid inclusion, Q = 6{Qu) C qMq is a rigid 
inclusion ([P5]). 

Let us show that no corner of Q can be embedded into M20 inside M. Assume by 
contradiction that there exist non-zero qo e V{Q), Po G V{M2o), a unital isomorphism if; of 
QoQqo into P0M20P0 and a non-zero partial isometry v e M20 such that v*v e (qaQqa)' n 
qoMqo, vv* G i^iqoQqoY n poMpo and vy = ip{y)v, Wy G qoQqo- Since Q is type II, 
i^iqoQQo) C M20 is type II, so no corner of ipiqoQlo) can be embedded into A. By 1.2.1, 
this implies 'i{j{qoQqoy HM C M20. Thus vQv* = v{qoQqo)v* C M20. But has Haagerup 
property, so by ([P5]) there exist unital trace preserving ^-bimodular c.p. maps 0„ on M20 
such that (f)n — > idM2o compact relative to A. Then 4>n*'id ^ idu- But by ([P5]), 

vQv* C i't;*Mt;t;* is a rigid inclusion. By ([P5]) again this implies lim^i \\{4>n*id){x)—x\\2 = 
uniformly for x G {vQv*)i. Since ((^^ = 4>n{x) for x G M20 3 fQf*, this implies the 

maps (prn which are A-bimodular and compact relative to A, tend uniformly to the identity 
on the unit ball of the type IIi algebra vQv*. By ([P5]), this implies a corner of vQv* can 
be embedded into A inside M20, a contradiction. 

Since no corner of Q can be embedded into M20 inside M we can apply Theorem 5.1. 
Thus, there exist j = > 1, a non-zero projection q' E Q' Cl qMq and a unitary element 
u E M such that uQq'u* C qM2jq — q{A xi r2j)q- Since P = 6{Pii) is generated by 
the normalizer of Q, we have q' & P and by (3.5.1° in [P6]), Qq' C q'Pq' is quasi-regular. 
By Theorem 1.2.1 it follows that uq'Pq'u* C qM2jq. Since P is a factor and a corner 
of it is contained in qM2jq, it follows that u can be suitably modified so that to satisfy 
uPu* C qM2jq. If f G qMq is such that Py = vPv* fl P is type IIi, then Py C qM2jq and 
no corner of Py can be embedded into the abelian algebra A. Since {Py)v = vP C vM2j, by 
Theorem 1.2.1 it follows that v G M2J. By applying this recursively, by 7.5.1 (c) it follows 
that 9{L{Tu)) C qM2,jq. 

Thus, if {ui^h \ h E Gi} denotes the canonical unitaries in Mi = Ai x Gi, then 
Vh = d{ui^h) G qMq,h G Gi, are in the normalizer of 0{Ai) in qMq. Thus, the uni- 
tary elements {uv^u* \ h G Tu} C qM2jq normalize u9{Ai)u* and they generate a IIi 
von Neumann algebra N C qM2jq. By Proposition 1.4.1, this implies u6{Ai)u* C M2J 
and w{u9{Ai)u*)w* = Aq for some w G U{qMijq). Taking v = wu, it follows that 
v{e{L{Ti^i)))v* C M2,j and ve{Ai)v* C M2J, thus w6'(Mi,,)w* C M2,j. 

This shows that if t < 1 then Vi > 1 there exists j = > 1 (unique by Theorem 1.2.1) 
and a unitary element v e M^ such that Ad(w)6'(Mi,i) = Mlj and Ad{v){e{Ai)) = A\. 

Let us now consider the case t > 1. Let n > t be an integer and note that if we let 
B = M^xn(^2) C Mnxn{M2) = M, G = G2 and extend a2 to the action a which acts 
trivially on M^xn(C) C M„xn(-^2) = M, then M = P xi^. G2. Let q e A = Dn <^ A2 be a 
projection of trace t/n. 

The hypothesis then states that 9 : Mi ~ gMg is an onto isomorphism. Fix i > 1 and 
let Q = 9{Qii) C qMq, P — 9{Pii) C qMq. As in the case t < 1, it follows that there exist 
j = i(^) ^ 1 ^^^d a unitary element tt in qMq = such that uPu* C q'(-B >^ ^2,j)(l = -^2,i- 
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In particular, {9{ui^h) \ h G Ti C qM2jq and they normalize u9{Ai)u*. By applying 
Theorem 1.4.1 to = ud{Ai)u* C qBq, it follows that u{9{Ai))u* C q{B xi T2,j)q as well, 
so Ad(w)(6'(Mi,i) C Ml^. Since Ad{u){9{Ai)) is regular in M| = gMg, by Corollary 1.2.4 
and (A.l in [P5]) it follows that there exists a unitary in M2J that conjugates ^(^1) onto 

Since we have dealt with both cases t > 1 and t < 1, we can apply the above equally 
well to 9 and 9~^, to obtain the following: Vni > ^ > 1,^2 > j > 1, there exist unitaries 
Ui e M2, Vj e Ml and indices e {1, 2, 712}, G {1, 2, ni} such that 

9iAi c Ml,,) c u^{A2 C M2,,(,))\*, 1 < i < ni, 

^-^((^2 C M2jy) C i;,(Ai C Mi,,(,))i;*, 1 < j < n2, 

so altogether 

^(Mi,fe) c Ad{uk9{vj^k))){Mi,i^j^k))), l<k<ni. 

which by Theorem 1.1 entails i{j{k)) = k, \/k. Similarly = k, \/k. Thus, ni = 77-2 = n 

and j defines a permutation tt of the set of indices 1 < i < n. 

To prove the last part note that the equivalence 71^-^ ~ 7^^^ ([^1]) imply 

S-^i/3i(ri,) + (n - 1) = p,{n^,) = p,{n^,)/t = {E^^MT2j) + {n- l))/t. 

On the other hand, by the equivalence TZaij — Pii^ij) = Pi(^2,-K{j))/'t, 

\/j > 1 while by ([BeVa]) and assumptions 7.5.1 all Fij's have first £^-Betti number, 
Pii^ij)- (Indeed, this follows easily from Corollary 4 in [BeVa] and the argument in the 
proof of 2.4 in [P8].) Altogether we get n — 1 = (n — l)/t, implying that t = 1. 

□ . 

Before stating specific OE applications, recall from ([Ful]) that two groups F, A are said 
to be measure equivalent (ME) with dilation constant t > if there exists free, m.p. actions 
(cT, F), {9, A) such that TZcr — TZg. We'll use the notation F ^oEt ^ to denote this property. 
It was recently proved in ([G2]) that if F^ ^oEi A^, Vi > 0, then *jFj ^oEi *jAj. Note that 
an alternative proof of this fact follows from 7.3.1° (see also the comment 2.27 in [MS]). 

The OE rigidity result below, of Bass-Serre type, can alternatively be viewed as a converse 
to Gaboriau's above ME result, for free products of w- rigid ICC groups. Note however that 
we need the actions involved to be "separately ergodic" (not assumed in [G2]). 

7.6. Corollary (OE Bass-Serre rigidity). Let FcAq be Haagerup groups andTi,Aj, 
1 < i < n < 00, 1 < j < m < 00, be ICC groups having normal, non virtually abelian 
subgroups with the relative property (T). Let a {resp. 9) be a free ergodic m.p. action of 
F = Fq * Fi * ... (resp. A = Aq * Ai * ...) on the probability space such that aj — a^^j {resp. 
9j — ^|Aj ) is egodic Vj > 1. IflZa^v — T^l a then n = m and there exists a permutation tt of 
the set of indices > 1 such that TZ^ r — T^l a , Vz > 1. 

The condition on the groups Fj,Aj, i,j > 1, in 7.6 can be weakened by using the full 
generality of Theorem 7.5: 



38 



A. lOANA, J. PETERSON AND S. POPA 



7.6'. Corollary. The same statement as in 7.6 holds true if we assume each {a\ri,^i) 
(resp. {9\\.,Ai)), i> 1, satisfies conditions 7.5.1(a), (b), (c). 

7.7. Corollary. Let Fj, < i < n, F = Fq * Fi * a be as in 7.6 or 7.6'. Assume 
Out(7?.cri,ri) = {1} o,nd (cri,ri) is not orbit equivalent to {ai,Ti) for any i ^ 1. Then 

Out(7^o-^r) = {1} o.nd Ont{A xi^j F) = H^(o", F). Also, if n is finite and either all are 
finitely generated or there exists i > 1 with Pni^i) 0) oo? then ^{A x^- F) = {1}. 

Proof. The first part is trivial by Theorem 7.5 while the last part follows from ([Gl]). □ 
Outer automorphism groups of equivalence relations are usually hard to calculate and 
there are only a few special families of group-actions (a"i,Fi) for which one knows that 
Out(7^aJ = {1} (cf. [Ge2], [Fu2],[MS]). Similarly for the 1-cohomology group where 
the only known calculations are in ([Gel], [PSa], [P8]). We remind below some examples 
from ([Ge2], [Fu2], [MS]) where both calculations can be made. We add a new construction 
of examples, in 7.8.3 below, which uses the Monod-Shalom OE rigidity theorem to calculate 
Out and ([P8]) to calculate H^. 

7.8.1. Example (Gefter [Ge2], Furman [Fu2]). Take Fi a lattice in SO{p, q), with p > q > 2 
and notice that Fi has rkij > 2 (thus has property T) and admits a dense embedding into 
the compact Lie group SO{n), where n = p + q. Let ui be the action by left translation of 
Fi on the homogeneous space SO{n)/SO{n — 1). Then Out(7?.o-J = {1}. 

7.8.2. Example (Monod-Shalom [MS]). Let Q = SO{n),n> 5, and Aq an ICC, torsion free, 
Kazhdan group which admits a dense embedding into Q and has no outer automorphisms 
(such groups exists for any n > 5, for instance lattices in SO{p,q) with p > q > 2 and 
n = p + q as in 7.8.1). Let K be any torsion free group embeddable into Q and Kq d K a, 
non-trivial subgroup such that Kq is not isomorphic to K (for instance, Kq = C = 
for some s > r > 1). Let Fi = (Aq * K) x (Aq * Kq) and note that any automorphism 
of the group Fi is inner on Aq x Aq (by Kurosh or Bass-Serre). Let ai be the action of 
Fi = (Aq * K) X (Aq * Kq) ou Q by left-right translation. Notice that this action is free 
ergodic on Aq x Aq and that by ([MS]) one can choose the embedding K d Q such that 
o"! is free on Fi (by considering all embeddings gKg~^, g E Q, and using a Baire category 
argument). Then Fi is in the class Cgeom oi Monod-Shalom and Out(7?.cri) = {1}. 

7.8.3. Example. Let this time Aq be any torsion free ICC group with only inner automor- 
phisms and which cannot be decomposed as Z * Aq (note that if Aq is w-rigid then it does 
have this latter "free in-decomposability" property). Let K be any torsion free group with 
Kq G K a non-trivial subgroup such that Kq is not isomorphic to K. Let A — Aq * K 
and Fi = (Aq * K) x (Aq * Kq) C A x A. Denote by cri the action of Fi on the prod- 
uct probability space (X, /x) = Ilg^\{XQ, HQ)g by left-right (double) Bernoulli shifts. Then 
Out(7?.cri) = {1}. Indeed, noticing that Aq * K,Aq* Kq e Cgeom ^ind that ui is separately 
ergodic (on Aq*K and Ao^i^o) it follows from ([MS]) that any automorphism 9 GAut(7^cri) 
is an inner perturbation of a conjugacy ai ~ ai o 7 with respect to some 7 G Aut(Fi). But 
Fi has only inner automorphisms (again by Kurosh or Bass-Serre). Thus, any such 9 is an 
inner perturbation of an automorphism of the probability space that commutes with (Ti(Fi). 
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But this commutant is trivial if for instance {Xq, hq) is atomic with un-equal weights, as 
shown by the following: 

7.9. Proposition. Let A be a countable discrete group with two subgroups Ai, A2 C A such 
that Aq = Ai n A2 satisfies \{hgh~^ \ h e Ao}| = 00, \/g & A, g ^ e. Let (Bq, tq) be a finite 

von Neumann algebra and denote (S, r) = Ilg^\{BQ, To)g. Let a be the action of Ai x A2 on 
{B,t) given by cr/i^^/^^ ((a;^)^) = {x'g)g, where x'g = V^f G A, /i^ e Aj, i = 1,2. Then 

a is a free, separately mixing action of Ai x A2 on {B,t) and we have: 

1°. If 9 e Aut(-B, r) commutes with a{Ai x A2) then there exists a unique 9q e Aut(-Bo, tq) 

such that 9 is the product action given by 9o, i.e. 9 = Ilg{9o)g. 

2°. Any S e Aut(A) satisfying S{Ai) = Aj, i = 1,2, implements an automorphism 

A = A{S) e Aut(S, t), by A{{bg)g) = {S{bg))g, which satisfies AaA'^ = ao5. 

3°. //(So, To) = {L'^{Xo, Ho), J -duo) for some atomic probability space {Xo,no), then 

the commutant of a{Ai x A2) in Aut(X, fi) is equal to Aut(Xo, fio) = Aut(i?o, To). Moreover, 

if a is conjugate to another double Bernoulli shift a' with atomic base space {Xq,ij,q), then 

iXo,iio)^iX^,f^'o)- 

Proof. Part 2° is trivial. To prove part 1°, it is sufficient to show that any 9 commviting with 
a must take the subalgebra Bq = ...1 (g) (-Bo)e ® 1... of B into itself. Indeed, because if we 
denote ^0 — 9\b^ and regard it as an automorphism of Bq then 9o(Ilg(^9o)g)~^ still commutes 
with cr(Ai X A2) and it acts as the identity on Bq, thus on cr(^i, ^2)(-Bo), V^i,^2 € Aq. Since 
A1A2 = A, the latter generate all B, thus 9 = Ilg{9o)g. 

To show that 9 leaves Bq globally invariant, it is sufficient to show that that the fixed 
point algebra {6 G -B | a{g,g){b) = h,^g & Aq} coincides with Bq. This in turn follows 
trivially from the fact that for any finite subset F C A \ {e} there exists (7 G Aq such 
that gFg~^ fl F = 0. To see that this latter property holds true, note that if some finite set 
7^ F C A\{e} would satisfy \gFg~^nF\ > 1, V51 G Ao, then the "left-right" representation 
7r(^)(/) = X{9)p{9)if) on f{A) would satisfy {n{g){xF). Xf) > \F\-^ for all g G Ao. Taking 
the element / of minimal Hilbert norm in co^ {7r{g){xF) \ 9 ^ Aq} C ^^(A), it follows that 
f > 0-1 f ^ (because (/, xf) > l-P"!"^) and TT{g){f) — f,yg G A. But then any appropriate 
"level set" K for / will be finite, non-empty and will satisfy 7r{g){xK) = XKi ^9 £ Aq, 
i.e. gKg~^ = K, ^g e Aq, implying that A has elements with finite conjugacy class, a 
contradiction. 

The first part of 3° is trivial by 2°. Then to see that conjugacy of double Bernoulli 
shifts entails isomorphism of the base spaces, note that a conjugate to a' implies that all 
"diagonal" actions a (8) a", a' (8) a" must also be conjugate, Vcr", thus having isomorphic 
commutants in Aut. Taking a" to be itself a double Bernoulli Fi-action of base (^05 A^o)? 
follows that Aut((Xo,//o) x {Xi{,n'i)) ~ Aut((A:^, //(,) x (X^', //({)), V(A:^', //({)> which easily 
implies the result. □ 

7.10.0. Notation. Denote by WT2 the class of groups G that have a non virtually abelian 
subgroup Hq C G such that: {G, Hq) is a property (T) pair; the normalizer H of Hq in G 
satisfies \{hgh~^ \ h G H}\ = 00, G G \ {e}; the wq-normalizer of in G generates G. 
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Note that any group in is ICC and that if G is ICC and has a normal, non abehan, 
relatively rigid subgroup then G e WT2. Thus, any group of the form G = Hq x K with Hq 
ICC Kazhdan and K either ICC or equal to 1 is w-rigid and thus in WT2. Also, if G e WT2 
then {G * Kq) x K & WT2 for any ICC group K and any arbitrary group Kq. 

7.10. Corollary. Let Tq be a Haagerup group and Ti G WT2, for I < i < n, where 
1 < n < 00. Assume Fi is as in 7.8.1, 7.8.2, or 7.8.3. Then F = Fq * Fi * ... has a free 
ergodic m.p. action a with Out(7^cr) — {!}■ Moreover, we have: 

1°. If Ti is as in 7.8.2 or 7.8.3, then there exist uncountably many non stably orbit 
equivalent actions crofT with 0'at{TZ^) = {1} and ^{TZa) = {I}- 

2°. // in addition Fq is a product of amenable groups then given any discrete countable 
abelian group K , the uncountable family of actions a in 1° can be taken to satisfy H^(cr, F) = 
Gq"^ xGxnj>iChar(Fj) xK'^-i, where G is the polish group U{L^{T,\)) and Go = G/T. 

Proof. By 7.3, we can take the free m.p. action o" of F on ^4 = L°°{X, /i) so that for each 
i 1, ai — a^Ti is a (left) Bernoulli Fj-action, or a quotient of it as in ([P8]), and of the form 
7.8.1—7.8.3 for i = 1. Notice that in example 7.7.1 the group Fi has property (T) and is ICC, 
thus Fi e WT2. Then in both 7.8.2 and 7.8.3 , Fi has Aq x Aq as a relatively rigid subgroup, 
which is wq-normal in Fi, with A x A ICC in Fi. Furthermore, since Out(7^ci-.) is huge for 
i > 2 and trivial for i = 1, a"i cannot be stably orbit equivalent to dj, i > 2. The existence 
of "many actions" a in the case 7.8.2 and 7.8.3 follows from the existence of uncountably 
many non-stably OE relations (cri,ri) of the form 7.8.2 (cf [MS]) and respectively of the 
form 7.8.3 (by Proposition 7.9.3° and [MS]). 

Finally, the calculation of the 1-cohomology groups follows from (2.12, 3.1, 3.2 in [P8]) 
and the fact that in all cases 7.8.1, 7.8.2, 7.8.3 one has H^(a"i,Fi) = Char(Fi). Indeed, in 
case (71 is as in 7.8.1 or 7.8.2 then this calculation follows from ([Gel] and 2.12 in [P8]), 
while in case 7.8.3 the calculation is in ([P8]). □ 

7.11. Corollary. With F = *i>o'i'i, K, o- as in 7.10.2°, denote A = L°°{X,ij) and 
M = Ax^T. Then ^{M) = {1} and 

Out(M) = R\a, F) = G[^-^ x G x nj>iChar(Fj) x K""-^. 

Proof. Trivial by 7.7 and 7.10. □ 

Note that Out(M) is abelian and non-locally compact in all examples in 7.11 above, but 
if we denote Out(M) the quotient of Out(M) by the connected component of idM (which is 
closed in Out(M), with the latter a polish group in all examples considered), then Out(M) 
is the quotient of nj>iChar(Fj) x K'^~^ by the connected component of 1, which for n < 00 
is totally disconnected separable, locally compact group. 

We end this section by mentioning another rigidity result, which from an isomorphism of 
group measure space factors corresponding to relatively rigid actions ([P5]) of free products 
of groups derives the orbit equivalence of the actions. This type of results were first obtained 
in ([P5]) for HT group- actions, and in ([P6]), for Bernoulli shift actions of groups containing 
infinite subgroups (not necessarily normal) with the relative property (T). 
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7.12. Theorem (vNE/OE rigidity). Let {Mi,Ti) be type IIi von Neumann algebras 
with a common Cartan subalgebra A C Mi, i = 1,2, such that ti\a = T2\a- Assume 
M = Ml *A M2 is a factor and A is Cartan in M {N.B. By 7.2 this is the same as requiring 
that TZAcMi, = 1, 2, are freely independent). If Aq C M* is a rigid Cartan subalgebra, for 
some t > 0, then there exists a unitary element u e M* such that uAqu* — A*. 

Proof. It is clearly sufficient to prove tfiis in tfie case t = 1. If some corner of Aq can be 
embedded into A inside M, then the statement follows by (A.l in [P5]). If we assume this 
is not the case, then we can apply Theorem 7.5 to get a non-zero p e V{Aq) such that 
vAqpv* C Mi for some i e {1, 2} and v e U{M). Moreover, since M is a factor and ^0 is 
Cartan in M, we may assume vpv* is central in M^, so in particular pi = vpv* lies in A (the 
latter being maximal abelian in Mi). Then vA^pv* is Cartan in piMpi, so by Corollary 
1.2.4 we have P1M2P1 = Api, contradicting the fact that M2 is type II. □ 

7.13. Corollary. Let T be the class of groups that can be written as a free product of two 
{or more) infinite groups. Let a : G ^ {X, jj) be a free ergodic m.p. action of a group 
G El J- and denote M = L°^{X,ij,) yi^G the corresponding group measure space IIi factor, 
with A = L°° {X, fj,) a M the corresponding Cartan subalgebra. Let Mq be a IIi factor with 
a relatively rigid Cartan subalgebra Aq C Mq and denote IZq = TZaqCMq- 

1°. If 9 : Mq ~ M* for some t > then 9 can be perturbed by an inner automorphism so 
that to take Aq onto A*. In particular, IZq ~ 7^^ and thus /3„(7^o) = f^n{G)/t, Wn. 

2°. If G & T satisfies (3n{G) ^ 0,oo for some n {for instance, if G = Ti * r2, with ri^2 
finitely generated infinite groups, in which case Pi{G) 7^ 0,oo) and the action a is relatively 
rigid, then ^{M) = {!}. 

Proof. All statements are trivial by 7.12 and ([Gl]). □ 

Note that 7.13.2° above shows in particular that ^{L{Z'^ xi F„)) = {1} for any F„ C 
S'L(2,Z), with 2 < n < cxo, thus giving a new proof (but still using Gaboriau's work [Gl]) 
of one of the main result in ([P5]). 

7.14. Definition. A countable, measurable, standard m.p. equivalence relations 7^ is a FT 
equivalence relation if it is of the form IZ = 7^^, where t > and (cr, F) are free ergodic 
m.p. actions on the probability space {X,ij,) with the following properties: (a). The group 
r is a free product of two (or more) infinite groups; {b). a is relatively rigid, in the sense of 
(Definition 5.10.1 in [P5]), i.e. L°°(X, //) C L°°{X, /i) >^^G' is a rigid inclusion (4.2.1 in [P5]). 
The above Corollary 7.13 thus shows that all OE invariants for FT equivalence relations TZ 
are in fact vNE invariants for IZ, i.e. are isomorphism invariants of the associated group 
measure space IIi factors M — L{7Z,w), where w G H^(7^). We denote by JFT the class of 
all such III factors M. 

Note that if 7?. = TZ^ p for some free ergodic m.p. action (cr, F) with F a free product 
of two infinite groups, then TZ is ifT in the sense of ([P5]) if and only if it is FT and 
F has Haagerup property. Thus, all equivalence relations coming from amplifications of 
actions a of non- amenable subgroups F C SL{2, Z) on L°^{T^, A) are FT actions. However, 
actions a of groups such as SL{n, Z) * H, with H infinite group and o'\sL{n,z) isomorphic 
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to the canonical action of SL{n, Z) on (T", A), give FT equivalence relations which are not 
HT^. Thus, the class J^T provides additional group measure space IIi factors for which 
orbit equivalence invariants of the actions, such as Gaboriau's £^-Betti numbers, become 
isomorphism invariants of the factors. 

We end by mentioning an application of 7.3.1° which brings some light to (Problems 
5.10.2, 6.12.1 in [P5]) and to the problem of existence of "many" non-OE actions for non- 
amenable groups, as a consequence of (Corollary 7 in [GP]): 

7.15. Corollary. 1°. The class of groups T which admit free ergodic relatively rigid m.p. 
actions on the probability space is closed to free products with arbitrary groups V . Also, if 
T is a Ht^ group {i.e. T has Haagerup's property and admits relatively rigid actions, see 
6.11 in [P5]), then F * F' is Ht^, for any F' with Haagerup property. 

2°. If V admits a relatively rigid action {e.g. if V C. S'L(2,Z) non-amenable, or F an 
arithmetic lattice in an absolutely simple, non-compact Lie group with trivial center, cf 
[P5], [Va]) and V is an arbitrary infinite amenable group then F * F' has uncountably many 
non-stably OE free ergodic m.p. actions on the probability space. Also, ifVo is an arbitrary 
group and Fi, F2 are non-trivial amenable groups, at least one having more than 2 elements, 
then Fo * Fi * F2 has uncountably many non-stably OE free ergodic m.p. actions on the 
probability space. 

Proof. Part 1° is a trivial consequence of 7.3.1° and of the (trivial) property of relatively 
rigid equivalence relations TZ that any TZq that contains TZ is also relatively rigid (see e.g. 
4.6.2° in [P5]). Part 2° is just the combination of (CoroUary 7 in [GP]) and 7.3. □ 

8. Amalgamation over R: Factors with no outer automorphisms 

We prove here another rigidity result for AFP factors, this time in the case M = Mq *fi 
Ml *R where R is the hyperfinite IIi factor. As an application, we obtain factors M 
with Out(M) = {1}, thus answering a well known problem posed by A. Connes in 1973. 

Like in the group measure space case in Section 7, we only consider crossed product 
inclusions {R C Mj) = (i? C i? x^-i Fj), with the 0"^ freely independent, i.e. implementing 
a free action o" of F = Fq * Fi * ... on i?. Thus, M will be viewed alternatively as a 
crossed product factor M — Ryi^F, with the algebra of coefficients R having trivial relative 
commutant in M. 

The key assumption is that the action (cr, *iTi) has the relative property (T), i.e. R C M 
be a rigid inclusion in the sense of ([P5]). The rigidity result shows the uniqueness, modulo 
unitary conjugacy, of the "core" R of such factors. Since the normalizer of in M completely 
encodes the group F, we can recover completely the isomorphism class of the groups F^, 
by classical Bass-Serre theory. The result is similar to the vNE/OE Rigidity 7.11 (where 
however only the orbit equivalence class of F could be recovered) and to the unique crossed- 
product decomposition result in ([P9]). But since we also get the component by component 
unitary conjugacy of the factors Mi, it is again a Bass-Serre type rigidity result. 

Through this theorem, the calculation of Out(M) and ^{M) reduces to the calculation 
of the commutant of o^{T) in Out(-R), like in [P9], where however no such commutant could 



AMALGAMATED FREE PRODUCTS 



43 



be calculated! This time, due to Bass-Serre arguments and the possibility of choosing the 
actions {ai,Ti) with prescribed properties (cf. 8.2 below), we can control such commutants 
and calculate Out(M) completely for large classes of factors. 

8.1. Lemma. Let Mn,n > 0, be IIi factors with a common subfactor N C M„. Then 

N G M = Mq *n Ml *jv M2 *N ■■■ is irreducible and regular if and only if N G is 
regular, irreducible Vn > 1 and the groups of outer automorphisms r„ = {Ad(tt) | u e 
Mm^^N)} /U{N) , n > 0, on N are freely independent. 

Proof. Trivial by the definitions of freeness and respectively of the amalgamated free product 
over A^. □ 

The result below is the analogue for actions on the hyperfinite IIi factor R of the result 
on the existence of freely independent actions on the probability space in Proposition 7.3. 
It shows the existence of free actions a of groups F = Fq * Fi * r2 * ... on i? such that the 
restriction of a to each individual group Vj is conjugate to a prescribed free action of F^ 
on R. It will be frequently used in this Section. The proof relies on Lemma A. 2 in the 
Appendix. 

8.2. Proposition. Let an : F^ ^ Aut(i?) be free actions of countable discrete groups Gn, 
n > 0. Then there exists a free action a of the group G = ^nTn on R such that a"|r„ is 
conjugate to a^, 'in > Q. 

Proof. For each n > denote Gn = Go * Gi * ... * Gn- Assume we have constructed a 
map dn of Gn into Aut(-R) such that the quotient map d'^ of G into Aut(-R)/Int(-R) is a 
faithful group morphism with dn\Gi conjugate to Ui, VO < z < n. We then apply A. 2 to 
{^n{g) I g £ Gn} U {crn+i(/i) | h G Gn+i} to get an automorphism ^n+i of R such that 
^n{Gn) and On+iO'n-\-i{Gn+i)dnX\ freely independent. Denoting by dn+i the map of 
Gn+i = Gn * Gn+1 iuto Aut(i?) which restricted to Gn equals an and restricted to Gn+i 
equals 9n+lO^n+l{Gn+l)0~^l, the statement follows by induction. □ 

8.3. Theorem. Let Gi — F^^o * * ■■■ * ^i,ni with F^, < j < Ui, non-trivial groups, for 
some 1 < Ui < 00, i = 1, 2. For each i = 1,2 let cXi : Gi ^ Aut(A^i) be a free, ergodic m.p. 
action on a IIi factor Ni. Denote Mi = Ni Xcr. Gi, i — 1,2 and assume Ni G Mi are rigid 
inclusions i = 1,2. Let 9 : Mi ~ Mj, for some t > 0. Then we have: 

1°. There exists u E U{M^) such that Kd{u){9{Ni)) = N^. Thus, Gi ~ G2 and ai,a\ 
are cocycle conjugate actions with respect to the identification Gi ~ G2- 

2°. // in addition F^^o ore free groups and Tij are free indecomposable, not equal to the 
infinite cyclic group, VI < j < Ui, i — 1,2, then Fio — F20, ni — 712 and there exists a 
permutation tt of the indices j > 1 and unitaries Uj e such that Ad{uj){9{Mij)) = 
Ml^^i^.y Ad{uj){9{Ni)) = N^, Vj > 1. In paHicular, Tij ~ ^2,7v{j) and c^i j, (^2,7r(i) ^'^^ 
cocycle conjugate with respect to this identification of groups, \/j > 1. 

Proof. We first prove that a corner of 6'~^(A^|) can be embedded into Ni inside Mi. Assume 
this is not the case. By applying recursively 5.1.3°, it follows that there exist a unitary 
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element u e U{Mi) and some ni > j > 1 such that ud''^{N^)u* C Mij. Since ud~^{N^)u* 
is regular in Mi, using again the assumption by contradiction, Corollary 1.2.4 implies that 
a corner of w6'~^(iV|)w* can be embedded into A^i inside Mi ,j (thus inside Mi as well). 
Altogether, this shows that a corner of ^~^(A^|) can be embedded into A^i inside Mi. 

Similarly, a corner can be embedded into N2 inside M2. Thus, 

a corner of A'^i can be embedded into 9~^{N^ inside Mi. Since both A'^i and 9~^{N^ are 
regular in Mi, with Mmi{Ni) /U{Ni) ~ Gi and with the other similar quotient isomorphic 
to G21 and since both Gi, G2 are ICC (being free products of non-trivial groups), the unitary 
conjugacy of A^i, ^"^(A^l) -^1 (equivalently of 9{Ni), N2 in M^) follows from the following 
general: 

8.4. Lemma. Let M he a IIi factor and P,Q d M he irreducihle, regular suhfactors. 
Assume T = Mm{P) /U{P) , A = Mm^Q) /^{Q) o,re ICC groups. Also, assume each one of 
the inclusions P C M , Q d M is an amplification of a genuine crossed product inclusion. If 
L'^{M) contains non-zero P — Q Hilbert bimodules Ti,]C C. L'^{M) such that dimp(?i) < 00, 
dim(/C)Q < 00 then P, Q are unitary conjugate in M. 

Proof. We first prove that L^{M) is generated by irreducible P — Q Hilbert bimodules 
that are finite dimensional both as left P modules and as right Q modules. We'll actually 
prove this by only using the fact that P,Q are quasi-regular in M. Note that by (1.4 in 
[P5]) — 7i n M is dense in Ti and contains an orthonormal basis/ Q. Similarly, since Q 
is quasi-regular in M and it is a factor, L'^{M) is generated by Hilbert Q — Q bimodules 
Hj3 such that = Hj3 n M is dense in Hp and contains both left and right orthonormal 
basis/Q. But then ■ Tig span all L^{M) and are finite dimensional/ Q. Equivalently, 
P' n JmQ'Jm is generated by projections that have finite trace in JmQ'Jm- Similarly, 
P' n JQ'J is generated by projections that have finite trace in P' . Thus, A = P' H JQ'J is 
generated by projections that are finite with respect to both traces, thus corresponding to 
Hilbert P — Q bimodules which are finite dimensional both from right and left. Since P, Q 
are factors, by ([J]) each such bimodule is a direct sum of irreducible bimodules. 

Let now H C L'^{M) be an irreducible P — Q bimodule. By ([J]) we have dim(p7i) • 
dim(7iQ) > 1 and the equality means the orthogonal projection p-fi of L'^{M) onto Ti 
satisfies: pu ^ P' ^ (M^cq), Tr(^M,)Q{Pn) = 1 and pn{M,eQ)p-H = Ppn- Thus, by the 
proof of (Lemma 1 in [P7]) upnu* — eg for some u e U{M), which also satisfies uPu* = Q. 

Assume now that Tr{p-j-i) > 1, by (2.1 in [P6]) there exists a projection p e P, a 
unital isomorphism t/j : pPp Q and a partial isometry v d M such that vv* = p, 
q' = v*v G ilj{pPp)' n Q and xv = viIj{x),\/x G pPp. Moreover, the finite dimensionality 
plus irreducibility of as a P — Q bimodule implies that Qi — ij^ipPp) has finite index in 
Q, has trivial relative commutant in Q and q' is minimal in n M. 

By appropriately amplifying Q (Z M we may assume this inclusion is a genuine crossed 
product inclusion Q C Q xi,^ F. Denote by {ug}g C M = Q Xo- T the canonical imitaries 
implementing o" on Q. Let with Xg G Q. By identification of Fourier scries, it 

follows that XgUg G Q'l fl M, Wg. Thus XgX* — XgUgU*x* E Q'l H Q — C, so that all Xg are 
scalar multiples of unitaries in Q. Let Kq C T he the support of this Fourier expansion of 
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(( . Let also K C F be the set of all A; e F such that U]^ can be perturbed a unitary in Q so 
that to fix Q\ pointwise. Since [Q : Qi] < oo and Q'l n Q = C, K is a finite subgroup of F 
and Kq C K. 

Since Q\^Q = C, by Connes' vanishing 1-cocycle for finite groups, the unitaries Wk & Q 
satisfying Ad{wkUk)\Q^ = idq^ can be chosen of the form ak{w)w* ^ k & K, for some unitary 
element w e Qi. Thus, by perturbing all {ug}g^r by a 1-cocycle we may assume Ad(ufe) 
act trivially on Qi. Let Fq C F be the subgroup of all ^ e F such that Ug can be perturbed 
by a unitary in Q so that to normalize Qi. Clearly K gTq and K is normal in Fq. We will 
prove that Fq has finite index in F, thus contradicting the hypothesis. 

By the minimality of q' in Q'l fl M, it follows that q' is minimal in the group algebra 
L{K) = sp{ufe I k e K}. Identify pPp C pMp with Qiq' C q'Mq' via Ad('i;). Let 
{vfi \ h E A} he a choice of canonical unitaries in M = P xi A, which we assume commute 
with p E P (we can do that for each h by perturbing if necessary with unitaries in the 
factor P). For each /i G A, /i 7^ e, let Vh = TigXgUg G Q Xcr F be the Fourier expansion 
of Vh and denote 9h the action implemented by Ad{vh) on Qi ~ Qiq' = pPp. Thus, 
VhV = 9h{y)vh,yy G Qi. Identifying the Fourier series in {ug}g, this implies 9h{y){XgUg) = 
{XgUg)y,\/y E Qi. As before, this implies each Xg is a scalar multiple of a unitary in Q 
and that Ad{x gUg) normalizes Qi. Thus the support Kh of the Fourier series for Vh is 
contained in Fq. Since Qiq' C q'Mq' is the closure of the span of elements in QiVnq' , h E A 
and each Vh is supported on Fq, as a Fourier expansion in {ug}g with coefficients in Q, 
it follows that q'Mq' C Q)geToL'^{Q)'^g- particular, since q' E L{K) C -^(Fq) we get 
q'L{V)q' — q'L{ro)q', which clearly implies Fq has finite index in F. But this implies Fq is 
also ICC, so in particular it cannot have a non-trivial normal subgroup K. This contradiction 
finishes the proof. □ 

End of proof of 8.3. By Lemma 8.4, ^(ATi), are conjugate by a unitary element, so we 
may assume 0{Ni) = N2. Thus, 9 implements an isomorphism between the groups Fi = 
UmA^i) /U{Ni) and F2 = Um2{N2) /U{N2). But then by the classical Kurosh Theorem 
and the condition on "free indecomposability" of the groups F^-, it follows that ni = n2 = n 
and that there exists a permutation tt of the indices 1 < j <n such that dj^ijgj^ — ^2,Tr{j): 
for some elements gi E G. Thus, uj = Ug. normalizes and Ad{uj) takes 9{Mi^j) onto 

' ' □ 

8.5. Notation. We denote by /Tr the class of free actions cr : Fq * Fi — > Aut(i?) on the 
hyperfinite IIi factor R, with the properties: 

(8.5.1) . Fq is free indecomposable; Fi is w-rigid (in particular free indecomposable). 

(8.5.2) . (To = cr|ro has the relative property (T), i.e. R C R xio-o To is a rigid inclusion; 
o"i = o"|r^ is a non-commutative Bernoulli shift action of Fi on i? = <S>g{NQ,TQ)g, where 
Nq^ Ror No = M^xn(C) for some n > 2. 

(8.5.3) . cr(Fi) and the normalizer of a-(Fo) in Out(i?) (which is countable by [P5]) are free 
independent. 
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8.6. Lemma. Let Fi be an arbitrary w-rigid group and Tq — SL{n,Z), n > 2, more 
generally Vq a free indecomposable, arithmetic lattice in an absolutely simple, non- compact 
Lie group with trivial center. Then Vq * Fi has fTn actions on R. 

Proof. By ([Va]) any such Tq has a free ergodic action on some Z"^ such that the pair 
{Z'^xTo, IT") has the relative property (T) of Kazhdan-Marguhs ([Ma]). By ([Ch], [NFS]) it 
follows that Fq admits a free action ctq on the hyperfinite IIi factor K such that C -R Xctq To 
has the relative property (T). By ([F5]) it follows that the normalizer Mq of a"o(Fo) in Out(i?) 
is countable. Let cr' be a fixed copy Bernoulli shift action of Fi. By 8.2 it follows that there 
exists an automorphisms 6 oi R such that 9{a'{Ti))0~^ is freely independent from A/o- 

Thus, if we denote by a the unique action of F = Fq * Fi on i? given by cr|ro = o^o and 
(7|ri = 9o-'9~^, then all conditions (8.5.1) — (8.5.3) are satisfied. □ 

8.7. Theorem. Let ai : Fjo * Fji — > Aut(i?i), i = 1,2, be fTn actions and denote Gi = 
Tio * Til; Mi = Ri xicr. Gi, i = 1,2. If 9 : Mi ~ M| is an isomorphism, for some projection 
t > then t = 1 and there exist a unitary u G M2, a character 7 0/F20 and isomorphisms 
5 : Gi ~ G2, A : i?i ~ i?2 such that 9q — Ad('u) o 9'^ o 9 satisfies . Moreover, any other 
isomorphism 9' : Mi ~ M2 is a perturbation of 9 by an automorphism of M2 of the form 
Ad(v) o ^t' for some v e ^(Ma) and 7' e CharfCa). 

Proof. Since Ri G Ri yiai Tio are rigid inclusions, Ri G Ri yiaiGi — Mi are rigid as well. We 
can thus apply Theorem 8.3 to get a unitary element v e M2 such that v{9{Ri))v* = i?! 
and v{9{Mii))v* = {M2jY for some j e {0, 1}, where M,j = Ri x Tij, i = 1, 2, j = 0, 1. But 
by ([P5] or [P6]) Ri C Mn is not rigid while {R2 C M20Y rigid, so the only possibility 
is that j = 1. Thus, (-Ri C Mn) ~ (i?2 C M21)* and both inclusions come from crossed 
products associated with non-commutative Bernoulli shift actions of w-rigid groups. By 
([P3]) this implies t = 1. 

On the other hand, Adv o 9 implements an isomorphism S : Fio * Fn ~ F20 * F21, which 
takes Fii onto F21. By Kurosh Theorem, 5(Fio) = gr2og~^ for some g G G2- But by 
([GoS]), the groups gr2og~^ and F21 can generate F20 * F21 only if = gig2 for some 
9i £ ^2i, i — 0,1. By conjugating with g, we may thus assume the unitary v is so that 
^0 = Ad(v) o 9 implements an isomorphism 5 : Gi ~ G2 that takes Tij onto T2j, j = 0, 1. 
Thus, after identifying Ri with R2 via A = (6*0)1^1 and Gi ~ G2 via S, we are left with 
finding all automorphisms a of M2 that take R2 onto itself and take the canonical unitaries 
Ug into unitaries WgUg, g G G2, for some w : G2 ^ ^(-^2) a 1-cocycle for a2. 

By ([P3]) this implies w is co-boundary when restricted to F21, i.e. Wg — ag{w)w*, 
\/g G F21, for some unitary w & R2. Thus, by replacing a by Ad{v*) o a, we may assume 
a{ug) = Ug,\/g G F21. Thus a\ji^ G Aut(i?2) commutes with a"2(F2i), while still normalizing 
C2(r2o)- But by condition (8.5.3) the latter condition implies ot\ji^ is freely independent from 
C"2(r2i)- This contradicts the commutation condition with ct2(F2i), unless Ci\ji^ is inner. By 
perturbing a by Adiwo) for an appropriate wq G U{R2) we may thus assume a^^ = idji^. 
Thus a is given by a character of ^2- D 

The above theorem shows in particular that the fundamental group of any /Tr factor 



AMALGAMATED FREE PRODUCTS 



47 



M = i? (ro * Ti), corresponding to an /Tr action (a, Fq * Fi), is trivial, while its Out- 
group is equal to Cliar(ro) x Cliar(ri). By Lemma 8.6 one can take Fq = SL{n, Z), which 
has only trivial characters, thus making Aut(M) = Char(Fi), with Fi an arbitrary w-rigid 
group. For instance, one can take Fi = S'L(3,Z) x H, where H is an arbitrary discrete 
abelian group, thus getting Aut(M) = H. We thus obtain: 

8.8. Corollary. Let a : Fo*Fi Aut(i?) he a JTr action and denote M = i? x^- (Fq *Fi). 

Then we have: 

1°. ^{M) = {1} and Out(M) = Char(Fo) x Char(Fi) = Out(M°°). 

2°. Given any compact abelian group K, there exists (cr, Fq *Fi) such that the the corre- 
sponding fTu factor M satisfies Out(M) — K = Out(M°°). For instance, z/Fq = SL{n, Z), 
Fi = SL{m, Z)x K for some n, m > 3, then Out(M) = K. 

8.9. Remark. One can use A.3.2° in lieu of A. 2 in all the above proofs, to construct 
more IIi factors with small, calculable symmetry groups. Thus, let fT^ be the class of free 
actions cr : Fq * Fi ^ Aut(i?) on the hyperfinite IIi factor i?, satisfying the properties: 

(a). Fo,Fi free indecomposable, ^ Z; 

(6). R C R Xg-o Fq is a rigid inclusion and ai — a\ri is non-cocylce conjugate to ctq = o^\■po 
(note that this is indeed the case if ai is a non-commutative Bernoulli shift); 

(c). cr(Fi) is free independent with respect to the set A/'(cro(Fo)) UA/'°^((To(Fo)), consisting 
of all automorphisms and anti-automorphisms of R°° that normalize cro(Fo). 

By A.3.2° and 8.6 it follows that there exist such actions a for any linear group Fq as 
in 8.6 and for any Fi free indecomposable. It then follows as in 8.8 that the corresponding 
crossed product IIi factors M — i?Xcr(Fo*Fi) satisfy Out(M) = Char(Fo*Fi). Moreover, if 
t e ^(M) and 9 : M c:^ then must normalize cr(Fo), contradicting condition (c) above. 
Thus, ^{M) = {!}. Notice that to get this calculation we no longer have to use the results 
in ([P3]) on the fundamental group of i? C i? Xcr^ Fi. Similarly, if a is an anti-automorphism 
of M then the same argument shows that it must normalize (Jo(Fo), in contradiction with 
the choice (c). Altogether, this shows that in addition to the properties ^(M) = {!}, 
Out(M) = Char(Fo * Fi), the factors M in the class fT^ have no anti-automorphisms 
either. This provides a fairly large new family of factors with this latter property, after 
Connes first examples in ([C4]). Thus, if we choose the groups Fo,Fi without characters, 
e.g. Fi = SL{ni,'Z),ni > 3, then the resulting factors M have no outer symmetries at all. 
Moreover, noticing that /T^ factors are w-rigid, it follows that any factor of the form N*M, 
with N a property (T) IIi factor (e.g. N = L{PSL{n,Z)), n > 3) and M e /T^ has aU 
the above properties (as a consequence of Theorem 6.3 and of the properties of M) and in 
addition has no Cartan subalgebras (by [V2], cf. Remark 6.6)! 

Appendix: Constructing freely independent actions. 

We now prove the technical results needed in the proofs of Propositions 7.3 and 8.2, which 
established the existence of free actions of groups F = Fq * Fi * ... on A = L°°{X, /x) and on 
R with restrictions to Fj isomorphic to prescribed actions (crj,Fj), Vz. 
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More precisely, we prove that given any countable set {9n}n oi properly outer automor- 
phisms of (X,ii) (resp. of R) the set V of 6* G Aut(X, //) (resp 6 e Aut(i?)) with the 
property that all alternating words 9if^99i^9~^9i^99i^9~^ ... are properly outer is Gj-dense in 
Aut(X, (u) (resp. Aut(i?)). Writing V as an intersection of open sets Vn is obvious, and the 
non-trivial part is to show that each Vn is dense. To prove the density, in the commutative 
case (A.l) we use a maximality argument inspired from ([P7]), while in the hyperfinite case 
(A. 2) we use directly a result from ([P7]), not having to re-do such maximality argument. 

The idea of using Baire category, in both the proof of A.l and A. 2, was triggered by 
Remark 2.27 in ([MS]) and the Category Lemma in ([To]). In fact, the commutative case 
A.l below is essentially contained in ([To]). We have included the complete proof, with a 
different treatment of the "density" , for the reader's convenience. 

A.l. Lemma. Let {X,fi) be a standard non atomic probability space and {^n}n>i ^ 
Aut(X, //) a sequence of properly outer m.p. automorphisms of (X, /i). Denote by V C 
Aut(X, /x) the set of all 9 e Aut(X, /i) with the property that 9i^W^^]^{99i^._^9~^9i^.) is prop- 
erly outer, Vn > 1, ^l, ^2, ^2n-i £ {1)2,3,...} and io,i2n £ {0,1,2,...}, where 9q = idx- 
Then V is aGs dense subset o/Aut(X, //). In particular, V 7^ 0. 

Proof. Let A = L°^{X,ii), r = f -dfj,. Denote by the set of all finite partitions of the 
identity {pi}i C ViA). If p E Aut(X, (u) then we still denote by p the automorphism it 
implements on {A, r). As usual, Aut(A, r) is endowed with the topology given by pointwise 
II ■ II2 convergence, with respect to which it is metrizable and complete. 

For each p e Aut(74,T) denote k{p) — inf{||Ejp(pj)pi||2 | {pi}i G J^}. Note that p is 
properly outer iff k{p) = 0. Also, if denotes the set of p G Aut(A, r) with k{p) < 1/n 
then is clearly open in Aut(^,T). Given an n-tuple (6*1, 9n) C Aut(A, r), we denote 
by Vn = V(6'i, 9n) the set of all p e Aut(A, r) with 9i,^^^{p9,.^^_^p-^9i,.) e V^, for aU 
1 < I < n and all choices ii, ^2, ••, hi-i ^ (1, 2, n}, zq, i2i G (0, 1, 2, n}. 

It is immediate to see that Vn is open in Aut(A,T) and that n^Vn = V. We have to 
prove that each Vn is also dense in Aut(A, r), i.e., that any fixed p' e Aut(A, r) can be 
approximated arbitrarily well (in the point norm-|| -112 convergence on A) by some p &Vn- 

By replacing if necessary {9j}j by the properly outer automorphisms {9j}jlJ{p'9kp'~^}k, 
it follows that in order to prove the density of Vn it is sufficient to prove that idA is in the 
closure of Vn = V(6'i, 9n), for any n-tuple of properly outer automorphisms. 

To this end we will use the ultrapower IIi factor ([McD]) as framework. Thus, we 
choose (jj a free ultrafilter on N and let = £°°(N, i?)/Xa;, where is the ideal associated 
with the trace T^{{xn)n) = limT(a;n), i.e. = {x = {xn)n \ 'Tuj{x*x) = 0}. 

n— >w 

We regard the abelian von Neumann algebra {A, r) as a Cartan subalgebra of R. By 

([Dy]) given any p G Aut(A,r), any finite set F G A and £ > 0, there exists v G J\fji{A) 
such that ||p(a) — Ad(v)(a)||2 < e, Va G F. Thus, there exist Un G J\fii{A) such that 
u = {un)n G R'^ satisfies uau* — p{a),\/a G A C A'^ C R'^ . Note that p is properly outer iff 
EA'nR'- (u) = 0. 

W 

Write A = U^D^ , for some increasing sequence of finite dimensional subalgebras of A. 
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Let Mm = D'^ nA/i?(A), i.e., the part of the normahzer of A in i? that leaves Dm pointwise 
fixed. To prove that id a is in the closure of Vn, it is sufficient to prove: 

(A.1.1). Let Uq = 1, Ui, U2, Un G AfR^{A) with EA'nR-{U^) = 0, Vz 7^ 0. For all m > 1, 
there exists u e Mm such that EA'nR"iuioIi.''j=i{uUi2._-^u*Ui2.)) = 0, for all 1 < / < n and 
aU choices h, 12, .., 121-1 e {1, 2, n}, iq, 121 G {0, 1, 2, n}. 

We construct -u by a maximality argument, "patching together" partial isometrics in 

Gm {vp\ve Mm,P e V{A)} ^D'^n gMniA). 

Thus, for each v e Gm with vv* = v*v and each 1 < A; < 2n we denote the set of 
all products of the form Il'^~Q{Ui.v°'^)Uif,, where ij e {1,2, ...,n}, VI < j < A; — 1, io,ik £ 
{0, 1, ...,n}, Qfj e {±1}, CKi 7^ Q!2 7^ ... 7^ ctfc- We also put Vq = {Ui | 1 < i < n}. Note that 
if ^0,^2/ e {0,1, ...,n}, ^l,^2,...,^2^-l e {1,2, ...,n}, then C/ioni=i(^t^2j-i'y*t/2j) e V^^. We 
denote 

W = {f e I t;^;* = £;A'ni?- (a^) = 0, Va; G , 1 < < 2n}. 

We endow W with the order given by: v < v' if v = v'v*v. (W, <) is clearly inductively 
ordered. Let f G W be a maximal element. Assume 7^ p = 1 — vqVq G V{A). Since 
Ea' (x) = for all x G , 1 < A; < 2n, it follows that Ea' (pxp) = as well. Since all such 
elements w = pxp satisfy ww*, w*w G A and wAw* = Aww*, by ([Dy]) it follows that 

(A.1.2). 3 7^ G V{Ap) such that: qiDm = Qi, qiwqi = EA'{w)qi - 0, Vw G UlZoVl° . 

Let vi G Aig^fjqi (Agi). Note that vi G '^I'^i = "^1^1 = qi- Denote u = vq + vi. We 
will show that if vi G Mq^Rq^{Aqi) is chosen appropriately then u G W, thus contradicting 
the maximality of vq. Write 

where the sum is taken over all choices f3 — (/9j)jZQ G (0, l}'^. We will show that vi 
can be taken such that EA'{yp) = 0, V/3, G U^^LqV^. For /3 = (0,0, ...,0) we have 
VfS = ^']Zo{Ui,Vo')Ui, G V^°, so that EA'iVfs) = 0, by the fact that vq G W. 

The A; terms yjs corresponding to just one occurrence of vi (i.e. /3 = (/?i, with 
all /3i = except one), are of the form wqViWi, with wo,wi G U^ZqVJ". Thus, each 
satisfies WiW* ,w*Wi G A, w^Aw* = AwiW*, i = 0, 1. By shrinking qi recursively, we may 
assume {wQWQ)qi{wiwl) is either equal to or to gi, for all such y^, \/0 < k < 2n. For the 
Up for which {wQWo)qi{wiwl) = we have — and there is nothing to prove. For the 
Ufj with {wQWo)qi{wiwl) = qi, take uo,ui G Mr^{A) such that woQi = twoO'i^O'i^i = QiWi. 
Then EA'iyp) = Ea'{uoViUi) = uqEa'{viUiUq)uI, so that \\EA'{yp)\\i = \\Ea'{viUiUo)\\i. 
Shrinking qi recursively again, all conditions so far are still satisfied while we can assume 
qiuiuoqi is either or an element in A' fl R^, for all uo,ui, coming from all wq, wi arising 
as above. Thus, if we take vi G Mq^^Rq^^iAqi) to be properly outer, then in both cases 
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Ea'{viUiUo) = 0, WuqjUi. We have thus shown that qi,vi can be chosen so that for all 
P = Pk) having just one occurrence of 1 we have EA'{yp) = as well. 

Finally, the with at least two occurrences of vi can be written as yp = xo{viWVi )xi, 
with w e Vi°, for some < I < k — 2, a, a' e {=tl} a^^d Xi partial isometries. Thus 

\\EA'{yp)\\i < WypWi < \\v"wv°''\\i = ||Qi«;gi||i = \\EA'{w)qi\\i = 

the latter equality by (A. 1.2). 

Altogether, Ea'{x) = 0, Va; G U^^qV]^, showing that u G W. But this contradicts the 
maximality of vq- Thus vq must be a unitary element, finishing the proof that Vn is dense 
in Aut(A, r) and thus the proof of the statement. □ 

A. 2. Lemma. Let {9n}n>i be a sequence of properly outer automorphisms of the hyperfi- 
nite III factor R. Denote by V the set of all automorphisms 9 of R such that any automor- 
phism of R of the form 6iQW^^-^{99i^._^0~^9i^.) is outer, Vn > 1, ii,i2, •••,*2n-i G {1)2,3, ...} 
and io,i2n ^ {0, 1,2, ...}, where 9q = idn. Then V is a Gs dense subset o/Aut(i?). In par- 
ticular, V 7^ 0. 

Proof. Let {un}n be a sequence of unitariy elements in R, dense in U (R) in the norm || • ||2 and 
with each element repeated infinitely many times. For each x E R and p G Aut(i?) denote by 
k{p, x) the unique element of minimal norm || ■ ||2 in K{p, x) = co'^ {p{v)xv* \ v G U{R)}. Let 
Vn be the set of automorphisms pof R with the property that \\k{p, Ui) ||2 < 1/n, VI < z < n. 

We claim that is open in Aut(i?). To see this, let p e T>n and for each 1 < z < n 
choose vl,V2, ...,vl^. G U{R) such that ||m~^E^^p(t;*)-Uj'i;j**||2 < 1/n. If5> is sufficiently 
small, then any p' G Aut(i?) satisfying \\p'{Vj) — p(fj)||2 < 5, VI < z < n, VI < j < mj, will 
satisfy \\m^^T,'J^-^p'{Vj)uiVj'^*\\2 < 1/n, implying that ||A;(p', Wi)||2 < 1/n, VI < i < n, thus 
p' e Vn. 

Denote by Vn = Vn(6'i, 9n) the set of all p G Aut(i?) with the property that 
(^io^j=i{pdi2j-iP~^^i2j) £ ^n, for all 1 < Z < n and all choices zi,Z2, ..,121-1 e {1,2, ...,n}, 
^0,^21 £ {0, 1,2, ...,n}. Since Vn is open and 

Aut(i?) 3p^ 9i,U'j^^{p9i,._,p-'9i,.) 

is a continuous map, for each m and ij as before, it follows that Vn is open in Aut(i?). 

It is immediate to see that fl^Vn = V. Thus, in order to show that V is a G^-dense 
subset of Aut(i?) we have to prove that each Vn is dense in Aut(i?). Moreover, arguing 
as in the proof of A.l we see that, by replacing if necessary {9n}n>i with the sequence 
{^'n}n — {9n}n U {p9mP~^}m, it is enough to show that idn is in the closure of Vn- We 
will prove that in fact idn is in the closure of Vn H Int(i?), i.e., given any finite dimensional 
subfactor Rq C -R, there exists u G l^iR'o H R) such that Ad('u) G Vn- In turn, this will be 
an easy consequence of Theorem 2.1 in [P7]. 

To make the ideas more transparent, let us consider first the case when {9n | n > 0} 
is an enumeration of the automorphisms of a free cocycle action of a countable group F 
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on R, e : T ^ Aut(i?). Let M = R x\ T, Uq = 1, C/i, C/2, ... G U{M) be the canonical 
unitaries implementing do,di, .... Since the action is free (i.e. $g non-inner 7^ e), we have 
R' f] M = C Fix a free ultrafilter uj on N. We view i? C M as subalgebras of constant 
sequences in the ultrapower IIi factor . 

Since {Rq Pi R)' H M — Rq, by Theorem 2.1 in [P7] there exists a unitary element V G 
{R'o n R)'^ C M'^ such that VRV* y M ^ R*r^ M. In particular, if e U{R'q n R) 
is a Haar unitary and we put U = VwV* e VRV*, then for any choice of 1 < Z < n, 
ii, Z2, ^2^-l G {1, 2, n}, zq, £ {0, 1, 2, n} and 1 <r < n the unitary elements 

(A.2.1) Ad{U,,U'^^,iiUU,,^^,U-^)U,,^)){U'')urU-\ A; = 1, 2, ... 

are mutually orthogonal with respect to the scalar product given by the trace. To see this, 
we need to show that r{Ad{U^„U^^^^{{UU,,^_^U-^)U^,^)){U'')urU-'') = 0, VA; ^ 0. This 
a,mountstoT{U-^^^,{UUi,^_,U-'U,,^)U'^U'^^,{U^^^ = 0, which does 

indeed hold true, because after some appropriate word-reduction we are left with a word of 
alternating "letters" U'' e VRV* G Rq, V/c ^ 0, and Ui.,U* e M e R C M Q Rq, for aU 
i, ^ 0. 

By the orthogonality of the elements in {A.2.1), it follows that for large enough N we 
have 

(A.2.2) ||Ar-iE^^iAd(t/,3n5^i((C/C/,,._,t/-i)t/,,.))(C/'=)«,t/-^||2 < 1/n, 

for all choices of 1 < Z < n, ii, ^2, 121-1 G {1, 2, n}, io, 121 G {0, 1, 2, n} and 1 <r <n. 
Writing t/ as a sequence of unitary elements m. R'qH R, U = {vm)rm it follows that for m 
large enough u = Vm satisfies 

(A.2.3) ||7V-^Ef^i^,„n^.^i(AdH^,,^_,Ad(^i*)^,,J(^i'=)^i,^|-^||2 < 1/n, 

for aU 1 < / < n, n, Z2, ^2^-1 e {1, 2, n}, io,i2i e {0, 1, 2, n}, 1 < r < n. Thus 
Ad(w) G Vn, finishing the proof of this particular case. 

Now, in the general case we can take 6*0 = ida, 9i, 6*2, ... to be a lifting in Aut(-R) of an 
injective group morphism F — > Out(i?), with F generated by n elements. Notice that the 
automorphisms 9j (8) 0°^ on R^R implement a cocycle action 9 -.T ^ Aut(i?®i?°^) (see e.g. 
Section 3 in [PI 0]), so we can consider the crossed product factor M = K®R°'p xi F. Denote 
by t/n G M the canonical unitaries implementing 9n ® 9^ . By [PIO] again, we can view 
R®R C M as the symmetric enveloping inclusion associated with a "diagonal subfactor" 
N C R^ M„_|_i(A^), with the embedding of given by x (B 9i{x)... (B 9n{x). Moreover, the 
associated Jones tower N C R C Ni C ... y Nqq can be viewed as a sequence of subalgebras 
of M, making a non-degenerate commuting square: 

R®R"P C M 
U U 
i? V i?' n A^oo C Aoo 
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As before, we view M as the algebra of constant sequences in M^. Since (i?oni?)'nA^oo = 
i?o V i?' n A^oo and each R' fl Nk is finite dimensional, we can apply Theorem 2.1 in [P7] to 
get a unitary element V e {R'qDR)'^ C such that VNooV* V A^o p Noo *RoVR'nN^ N^o- 
By the above commuting square, we then also have VMV* \/ M c:^ M *R^^yRop M. 

Like before, take w e U{Rq fl R) to be a Haar unitary and denote U = VwV* € VRV*. 
For any choice of 1 < Z < n, ii, i2, 121-1 G {1, 2, n}, zq, G {0, 1, 2, n} and 1 < r < 
n, the unitary elements 

(A.2.1') kd{UiJl]^^{{UUi,._,U-^)Ui,.)){U^)urU-\ /c = 1, 2, ... 

are then mutually orthogonal with respect to the scalar product given by the trace. Indeed, 
since e VRV* e Ro C VN^oV* e i^o V A' n Aoo, V/c ^ 0, and Ui. ,U*.eMeRV 
yij ^ 0, it follows that T{Ad{U^,,^^^((UUi^._,U-^)Ui^.))(U'')urU-'')' = 0, for /c 7^ 0, 
showing the orthogonality in (A.2.1'). 

Now, by the orthogonality of the elements in (^4.2.1'), it follows that for large enough A 
we have 

(A.2.2') ||A-iS^^iAd(C/i3n5=i((C/C/i,._,C/-i)C/,,,))(C/'=)i.,C/-'=||2 < 1/n, 

for all choices of 1 < Z < n, ii, ^2, 121-1 G {1, 2, n}, io, 121 G {0, 1, 2, n} and 1 < r < n. 
Writing t/ as a sequence of unitary elements in i?Q fl i?, t/ = {vm)mi it follows again that 
for large enough m the unitary element u = Vm satisfies 

(A.2.3') ||A-iS^^i^i„n;.=i(Ad(«)^i,,_,Ad(«*)^i,,)(«"K«-"||2 < 1/n, 

for all 1 < Z < n, 11,12, ■■■,121-1 £ {1)2, zo,«2/ £ {0, 1, 2, n}, 1 < r < n. Thus 

Ad(«) e Vn. 

□ 

A. 3. Remarks. The proofs of both Theorems A.l and A. 2 can of course be carried out 
without using the hyperfinite IIi factor R and its ultrapower R^ as framework, working 
exclusively in the space Aut(A, /i), respectively Aut(i?). But while it is straightforward to 
re- write the proof of A.l this way, the proof of A. 2 then becomes much more tedious, as one 
can no longer use results from ([P7]). Instead, one has to go through a similar maximality 
argument as in the proof of A.l but with the non-commutativity requiring some complicated 
estimates, similar to (pp 189-192 in [P7]). 

When written in the "Aut(X, //) framework", a suitable adaptation of the proof of A.l 
shows the following result: 

A. 3.1°. Let {X,^,^) be a standard probability space and denote by A the set of all 

measurable isomorphisms p of X into X such that z/ o p is non-singular with respect to u. 
Let fi be another measure (not necessarily finite) on {X,X), equivalent to u. Denote by 
Aut(A, //) the //-preserving automorphisms in A. If {On}n>i G A are properly outer then 
the set V C Aut(A,//) of all 9 e Aut(A,/x) with the property that 9^^U]^^{69i^._^9-'^9i^.) 
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is properly outer, Vn > 1, ii, ^2, ^2n-i ^ {1:2,3,...} and io,i2n ^ {0,1,2,...}, where 
do = idxi is a G5 dense subset of Aut(X, 

In turn, the proof of the non-commutative case in the "Aut(i?) framework" can be adapted 
to show the following more general result: 

A. 3. 2°. For each n > 1, let : — ^ be either endomorphism or anti-endomorphism 

of the hyperfinite IIqo factor R°° such that On is outer, Tr o ^„ is a finite multiple of 
the trace Tr and 6n{R^)' H R°° is atomic, Vn. Denote by V the set of all Tr-preserving 
automorphisms 9 of such that any product 9iQWj^i{99i^._^9~^9i^.) is outer, Vn > 1, 
zi, ^2, ^2n-i £ {1, 2, 3, ...} and io, i2n G {0, 1, 2, ...}, where ^0 = idn- Then V is a dense 
subset of Aut(i?~). 

The case [R°° : On{R°°)] < 00, Vn, of A.3.2° follows easily from Theorem 2.1 in [P7], 
by arguing exactly as in the proof of A. 2 above: The only change in that argument is the 
definition of the finite index subfactor N G R, which will again be a "diagonal" inclusion, 
but with R ~ iV* for some appropriate amplification of and N embedded into it by 
taking a partition po, •••,Pn G 'PiR) and defining N ~ poRp, t = r(po)~^, N ^ = Rhy 
X + '^i^i9i{x)pi, X e poRpo, where r{pi)/T{po) = dTr o 9i/dTr, 9i : poRpo PiRpi being 
"corners" of the endomorphisms 9i : — > R°°. When the resulting subfactor is extremal, 
the rest of the argument is identical, while in case it is not extremal, then one replaces the 
symmetric enveloping algebra of A C i? be an appropriately defined enveloping algebra M, 
containing Noo and satisfying appropriate commuting square properties. 

Note that this result shows in particular that given any two subfactors of finite Jones 
index of the hyperfinite IIi factor, P (Z R and Q G R, there exists a subfactor N G R having 
standard invariant the "free product" of the standard invariants Gpr,Gq r, as considered 
in ([BJ]). 
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